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Introduction

In this paper we solve the Dirichlet problem for the biharmonic equation
A’ = 0 on a bounded simply connected C' domain } C R? with boundary
data in the space L;(dQ)) X LP(d€)), p > 1. More precisely, we show that the solu-
tion can be represented as a multiple layer potential of the type introduced by
Agmon [1].

The multiple layer potential for constant coefficient elliptic equations (of ar-
bitrary order) in two variables with no lower order terms was introduced by Ag-
mon [1]. Agmon used the multiple layer potential to solve the Dirichlet problem
for elliptic equations of order 2m on domains contained in R* with C,, 5 boundaries
and C,_,, boundary data where o > 0 and B > 1/2. In this paper we extend
Agmon’s result for the biharmonic operator to C' domains with L?-type boundary
data.

The Dirichlet problem for Laplace’s equation in a C' domain in R” was solved
by Fabes, Jodeit, and Riviére [4]. Their solution is in the form of a classical
double layer potential in R". While our proof follows the same general outline as
[4] there are several significant differences. First of all, unlike Laplace’s equation,
Green’s formula depends on the particular coordinate system. Thus in analyzing
the multiple layer potential near the boundary one has to use a representation of
it in the appropriate coordinate system. Secondly, in the case of Laplace’s equa-
tion, crucial cancellation properties of the boundary kernel of the double layer
potential needed to establish compactness of boundary integral operators were
apparent from the simplicity of the kernels. In the biharmonic equation these can-
cellation properties are a consequence of special properties of the conjugate Neu-
man operators. These operators arise in the boundary integrals of Green’s formula
which in turn comes from what Agmon refers to as the “distinguished bilinear
form.” Thirdly, in Laplace’s equation the boundary integral of the double layer
potential maps L?(d{}) boundedly into itself, 1 < p < o, and hence its adjoint
can be realized as a bounded integral operator on LY(9€), 1/p + 1/q = 1. The
adjoint is in fact realized as the normal derivative of the single layer potential at
the boundary. In our case, the adjoint acts on the dual space of L7(9()) X
L?(3€2) which involves distributions. We are able to realize the adjoint operator
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as certain differential operators acting on a “lower order potential” at the boundary
in the sense of distributions. This realization presents certain technical difficulties.
Finally we note that as in the Fabes, Jodeit, and Riviére paper [4] on Laplace’s
equation the crucial estimates in the biharmonic equation are applications of the
celebrated theorem of A. P. Calderén on the Cauchy integral along Lipschitz
curves [2].

We note that this problem was originally posed by N. M. Rivere (see dedication
to the proceedings of the Williamstown Conference on Harmonic Analysis [S]).
We wish to thank Gene Fabes for bringing this problem to the attention of the
conference and for several helpful suggestions. We also wish to thank Paul Wen-
ston and Gary Roberts for acting as a sounding board and for offering many useful
suggestions.

1. Summary

In the remaining sections we introduce notation and prove various results which
will ultimately prove the following:

Theorem. Let Q be a simply connected bounded C' domain in R*. Let f €
L2(39)), g € LP(9Q). Then there exists a function u with A’u = 0 in Q, u|,q =
f, and d,ul;o = g. More precisely, u and its inner normal derivative d,u have
non-tangential limits a.e. on 3§} (with respect to arclength measure) equal to f
and g respectively.

The proof consists of three basic steps. For f € %, a set of compatible triples
of boundary data, (see Section 2.4), we analyze an operator of the form

£f(P) = p.v. f FO)LP,Q)ds(Q)
a0

where £(P,Q) is a square matrix of kernels. These kernels are various differential
operators applied to a fundamental solution for the biharmonic operator. We show
that £ exists almost everywhere and gives rise to a compact operator from %,
into L5(9€)) X L7(0€)) X L7(8€)). The second step is to introduce and analyze
the multiple layer potentialu = u(f;X),f€ ®,, X € Q. Letting u(X) =
(w(X),u,(X),u,(X)), we then show that #(X) has non-tangential limits almost
everywhere as X — 9{). These boundary values can be written in the form
(I + %) f where ¥ is closely related to ¥. In particular ¥ is compact from %, to
itself. The last step is to appeal to the Fredholm Theory and establish that I + %
maps %, onto itself by showing that / + % is invertible. More precisely we shall
prove that the adjoint of I + ¥ is invertible. Once this is established the solution
is given by the multiple layer potential of (I + %)'f.

The remainder of this paper is divided into four chapters. In Chapter 2 we
introduce some notation, discuss the distinguished bilinear form and the corre-
sponding Green’s formula, discuss the space of boundary data, introduce the fun-
damental solution, and describe the multiple layer potential. In Chapter 3 we ana-
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lyze the boundary integrals and show that they give rise to a compact operator #
on the space of boundary data. In Chapter 4 we show that the multiple layer
potential and its derivatives have boundary values a.e. via non-tangential maximal
estimates. We also identify these boundary values as (I + %) f. In Chapter 5 we
discuss the dual space of our space of boundary data, and introduce the lower
order potential with density in the dual of L] X L” X L”. Finally, we use the lower
order potential with density 6 in the kernel of (I + ¥#)* to show that (I + #)* is
one-to-one and hence that / + ¥ is invertible. This suffices to prove the main
result of this paper.

2. Preliminaries

2.1. Notation. Throughout this paper {} will denote a bounded simply con-
nected C' domain in R?. Points in () will generally be denoted by X and Y while
points on d{) will generally be denoted by P and Q. We let ds stand for arclength
measure on d{) and we assume that as one traverses d{l in the direction of in-
creasing arclength, the domain () is on the left. We let f,, denote the unit tangent
vector at P € 9{) in the direction of increasing arclength while 7, denotes the
unit inner normal vector at P.

In general f will denote a row vector of functions (f,g,k) and f” will denote
the corresponding column vector—the transpose of f. Matrices of functions or
differential operators will be denoted by #, B, ... and if A is a matrix " will
denote its transpose. Whenever we encounter the product of a function and a
differential operator, if the function is to the left of the operator, the operator is
simply multiplied by the function, whereas if the function is to the right of the
differential operator, the differential operator acts on the function.

We also recall the definition of a C' domain. A domain ) C R*is a C' domain
if for each point P € 9(), there exists a ball B(P,d) of positive radius & centered
at P, and a coordinate system (x,y) of R* with origin at P such that with respect
to this coordinate system, 0 N B(P,3) = {(x,y):x € R,y > &(x)} N B(P,d) where
b € CH(R) and ¢'(0) = $(0) = 0. We recall that if Q is a C' domain and & >
0 is given, we can find a finite covering of 8} by balls B(P;,9,), j =1, ..., n,
such that Q N B(p;,8;) = {(x,y):y > &;x)} N B(P,;) with b; € Cy(R) and
b/l = e. Throughout this paper there will be several different places where we
need to assume ||d’|.. is sufficiently small, but since in the end there will be only
finitely many such conditions imposed, we may assume our covering is picked
so that all the assumptions are satisfied.

2.2. The distinguished bilinear form and Green’s formula. Throughout
this section (x,y) will denote global coordinatgs of R? and u and v will denote
functions which are C” in a neighborhood of ().

For A> = (8} + 9})* we have the factorization

@y, — i9,)°(d, + i9,)" = M(3,,0,)M(9,,9,).

Letting M(u) = M(9,,0,)u = u,, — 2iu, — u, and M(v) = M(3,,0,)v = v,, +
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2i v, — v,, we define what Agmon calls the distinguished bilinear form

Blu,v] = Re ff Mu)M(v)dxdy
2.2.1) a

= f J (uyy - uxx)(vyy - vxx) + 4uyxvyxd)Cdy.
Q

To obtain our Green’s formula we integrate B[u,v] by parts first transferring the
x derivatives of u onto v and then transferring the y derivatives. We obtain

B[u,v]=JJ ulA*v dxdy
Q

+ U(— Ve T V) T (v, — vy,) + 4u,v,dy
(2.2.2) LQ ” . »

+ f Uy + 3V4y) + Uy (Ve — vy )dx
aQ

Eff quvdxdy+f Al[u,v]dy+f Aslu,v]dx.
Q a0 a0

Let u = (u,u.,u,), A(v) = (A;(v),A;(v),A3(v)), and C(v) = (C,(v),C,(v),C3(v))
where

A(V) = A1(04,0,)(V) = (=8 + D)V
(2.2.3) Ay (V) = Ay(8,,0,)(V) = (3 — 3V

A3 (v) = A3(3,,0,)(v) = (4 3,)v
and

Ci(v) = C1(8,,0,)(V) = (8yyy + 3 0y )V

Gy (v) = C5(8,,0,)(v) = 0

C3(v) = C5(0,,0,)(v) = (35 — 9yy) V.
We then have A,[u,v] = 4A(W)" and A,[u,v] = uC(v)". Let

dy dx
K(v) = K(9,,9,)(v) = — A(v) + — C(v).
ds ds
Then our Green’s formula (2.2.2) becomes

(2.2.4) Blu,v] = f f ul?vdxdy + f uK)ds.
Q a0
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We now analyze our Green’s formula under changes of variable. Suppose
(x',y") = (x,y)R" are new coordinates of R? where

n,oon
a=(" ")
—n, m
ni + n3 = 1, is a rotation. Then 8, = n,d, — n,d,, and 9, = n,d, + n,;9,.. Then
M(9,,9,) = M(n, 9, — ny0,/,n,0, + n,9,)
(2.2.5) = [(ndy + nydy) — i(ny 8y — 19,01
= [(n + iny)(@y — 101" = (n + iny)’M(3,,9,).
Similarly one has M(9,,d,) = (n, — in,)*M(d,,9y). Thus
M(9,,0,)M(8,,0,) = M(9,,0, )M (9,,0,)

since n} + n3 = 1. Thus if we integrate by parts in our new variables and let
W = (u,uy,u,) we obtain

2.2.6) Blu,v] =Jf ulvdx' dy' +f u’K(&xl,ay')(v)Tds.
o a0

The most important feature of (2.2.6) is that the explicit form of the differential
operators in K is unchanged.

We conclude this section by noting that B[u,v] is referred to as the “distin-
guished” bilinear form because of the operators C,(9,,d,) and C5(d,,0,). One can
show that these operators are essentially what Agmon calls the conjugate Neu-
mann operators. These operators occur very naturally in the solution of the Dir-
ichlet problem for the half-plane. For more details the reader is referred to Agmon
[1], pages 191, 192, and 195.

2.3. The fundamental solution. We will use the same fundamental solution
used by Agmon in [1], page 189. The fundamental solution with pole X = (x,y)
and variable point Q = (s,?) is given by

oo [ 6 =)+ (v = 0 logl(x — 5) + (y — ]
(23.1) FX-Q)= Re{ﬂzj; 2T+ 1) dg}

where v is a rectifiable simple closed curve in the upper half-plane containing i.
For u € C4(R?) one has

1
(2.3.2) uX) = _Eff FX - Q)A’u(Q)dA(Q)
RZ

where dA(Q) denotes standard Lebesgue measure in R?. Using Cauchy’s formula,
one can show that
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2.33) FX—-0)
1 1
=—[(x— 9"+ =0 loglx — 7 + (y — '1"* + — (y = 1)?
47 4w

or if 7 denotes a unit vector in the positive y direction one has

1 5
(2.3.4) FX—-0)= p {IX — 0 log|X — Q| + (X — Q,i}.

From (2.3.4) it is clear that if (x',y") is a new set of coordinates obtained by
applying a rotation to the coordinates (x,y) and F (X — Q) represents the contour
integral in (2.3.1) in the new coordinates (x',y"), then F(X — Q) and FX — Q)
differ by a second degree polynomial. In particular, when applying differential
operators of degree =3 to F(X — Q) we may choose a representation for F(X —
Q) in any coordinate system. Finally, if P, is a point on 9} and we choose co-
ordinates parallel to the vectors tpo and rip, respectively, we will denote the integral
in (2.3.1) by F(X — Q;rip,). For future reference we have

(2.3.5) F(P — Q;1ip,)

R { J’ (P = Q.7ip,{ + 1p,)" log(P — anoc+tpo>dc}
e, @+ 12

1 . -
= E [(P - Q’tP())Z + (P - Q7ﬁPo>2] lOg[(P - Q,tPo>2 + <P - Q’ﬁP0)2]1/2
1 > \2
+ 411_ <P QanP()) .

2.4. Boundary data. As in [4] we say a function f defined on 4{} belongs
to the space L% (9€)) provided that for every finite covering {B(P;,3,)}j-, of 8{) as
in the definition of a C' domain and for any § € Cj (R*) with support in a single
B(P;,9;) the function Uf = d(x,b(x) f gx,dJ(x)) has a distributional derivative in
L”(R). It is not difficult to see that {f must agree a.e. with an absolutely con-
tinuous function and hence we may assume i f has a pointwise derivative a.e.
This in turn easily implies f has a derivative with respect to arclength almost
everywhere and furthermore this derivative is in L?(3€};ds).

Let f = (f,g,h) € L5(0Q) X L7(3Q) X L7 (3Q), 1 < p < ». We say f is a com-
patible triple if

af dx dy
2.4.1) s =g s + h s a.e. (ds).
We let B, denote the closed subspace of Lf(8€)) X L”(3£2) X LP(3€)) consisting
of compatlble triples. We will actually prove that for f € %, there exists a function
u with A’ = 0 in Q and 4(X) = @X),u,X),u, (X)) = f(P) as X — P non-
tangentially for a.e. P € 3(). We note that this implies that we can solve the
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Dirichlet problem as stated earlier. For suppose F' € L{(0D) and G € L”(dD) are
the boundary data for u and its normal derivative. If i and j are_unit vectors
parallel to the x and y axes respectively, given P € 0Q), we let t =n(P)i +
tz(P)/ and 7, = —tz(P)z + tl(P)] We then define

, F dF
f=gh = (F,tn(P)‘— —L(P)G,((P)— + tl(P)G>~
ds ds

Then £ is a compatible triple in %, and the solution u with s = (u,u,,u,) — f also
satisfies u(X) — F(P) and Vu(X) - i, — G(P) a.e. (P) as X — P non-tangentially.
We note that the idea of working with compatible triples was introduced by Ag-
mon. The main reason for working with compatible triples is the dependence of
the distinguished Green’s formula on a particular coordinate system.

In various places throughout this paper we will need to work with a dense class
of %,. We note that the subspace

Ci=1{f=(f.g.h):fE€C' (N X CON) X C(3) and f is compatible}

is dense in B,. To see this suppose f = (f,g,h) is a compatible triple in %B,. Set
F=fand G = —1,(P)g + t;(P)h. Then F € L5(68)) and G € LP(3Q) and so
there exists sequences F, and G, in C'(3Q) and C(3Q) respectively with F, - F
in L5 (8Q) and G, — G in L7(88)). Then if

it is easy to see that each f, is compatible with f, — f in B,. It is worth noting
that by a version of the Whitney extension theorem (see page 200 of [1]) C,
coincides with the restrictions to 3{) of functions which are C' in R®. Thus
{(fifo flsa: f € C*(R*)} is dense in B,(3 Q).

We conclude this section with a brief discussion of %%, the dual space of %,,.
If we define two norms on %, by

1F 1l = 1f 1o + Nl + l1mllr

f (Fnatl(P) — — L(MP)G, 1,

and

1F 0 = If 1l + gl + 1 ]er,

then it is easy to see that because of compatibility, these norms are equivalent.
Thus if we consider %, as a closed subspace of L”(d{)) X L”(8{)) X LP(3€)), we
may identify B % as the quotient space (L(9€2) X L7(8€)) X L7(3€))/ %pl where 1/
p + 1/qg = 1 and B, is the annihilator of %,. Let § = (0,,0) denote a triple of
functions in L?(9Q}). We denote the action of § on f € %, by

(2.4.2) (/.6) = f F(Q)8(Q) + (D) d(Q) + h(Q)W(Q)ds(Q).
;L9

It is interesting to note that linear functionals of the form
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, df
‘I’(f)=f — (Q)W(Q)ds(Q)
20 ds

with ¢ € L1(9Q) correspond to triples of the form (0,y(dx/ds), ll;(dy/ds)) in the
above representation of B} We now describe B,. Suppose 6 € B, . Since
((1,0,0), ) = 0 it follows that [:00(Q)ds(Q) =0 and consequently there exists
8(s) € L7(6Q) with d/ds = 8 almost everywhere. Clearly any triple of the form
(0,0 (dx/ds), 6 (dy/ds)) is in B, . On the other hand, since

J’ 8(Q)f(Q) + $(2)8(Q) + W(Q)h(Q)ds(Q)
;103

. dx _dy
= f <¢(Q) 60— (Q)) g(Q) + (ll!(Q) —-6— (Q)) h(Q)ds(Q),
a0

it is not difficult to see that § € %, implies 6 is of the form
(0,8 (dx/ds),b (dy/ds)).

2.5. The multiple layer potential. As in Chapter 6 of Agmon [1], for a
compatible triple fe %, and X & 0Q) we define the multiple layer potential u(X)
or u(f;X) by

(2.5.1) uX) = f FQK(32,02)"F(X — Q)ds(Q)
a0
where
(2.5.2) K(3%,09)F(X - Q)
A (02,02 F(X ~ Q) C,(32,02)F(X — Q)
dy 0 A0 dx 0 a0
= o (O)] A 07,0 FX — Q) | + o ()] C2(657,05) ) F(X — Q)
A3(32,09)F(X - Q) C3(32,02)F(X — Q)

and the operators A;(3%,02), C;(62,09), 1 = i = 3, are defined in (2.2.3).
F(X — Q) is the fundamental solution as given by (2.3.1) and the superscript O
on the differential operators indicates the variable on which they act. In addition
to u(X) we consider u(X) = (u(X),u,(X),u,(X)). For X & 9{) we may compute
u,(X) and u,(X) by simply differentiating under the integral sign. We have

u(X) = f F(@)0¥K(82,02) F(X — Q)ds(Q)
a0
and
u,(X) = f F(@)diK(82,02)F(X — Q)ds(Q).

If we let D(8%,0)) = (1,0%,9Y) where [ is the identity operator we can write
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(2.5.3) uX) =u(f;X) = j F@K(2,02)'D(8%,0))F (X — Q)ds(Q).
L0}

We note that K'D is a 3 X 3 matrix of differential operators. We also note that
u(X) is biharmonic for X & 0{) since F is a fundamental solution for the bihar-
monic operator A’

In order to analyze the multiple layer potential near the boundary it is necessary
to represent u(X) and more generally #(X) in different coordinate systems. Given
P € 93Q, let (,,n,) denote coordinates with positive axes in the directions of the
unit tangent and unit inner normal vectors at P respectively. For the moment,
assume f is the restriction to 8€) of a C? function f and its x and y derivatives.
Fix X & 9 and assume f vanishes in a neighborhood of X. Then

f] F@QAF(X — Q)dxdy(Q) = 0
Q

and so by Green’s formula (2.22) and by (2.25) we have,
2.5.4) uX) = u(f;X)

=Re J f M(3,,8,) F(Q)M (8,,9,)F (X — Q)dxdy(Q)
9]

=Re f f M@,,,9,,) F(@Q)M(8,,,8,,) FX — Q)d,,d,,(Q)
O

= f (D), £, (D), £, (QN)K(32,02) F (X — Q)ds(Q).
o)

Let fp = t,(P){ + 1,(P)j. We define the 3 X 3 matrix R(P) by
1 0 0
RP)={0 1P) 1P|
0 —6(P) t,(P)
Then (£(Q),f,(Q).£,,(Q)) = f (@)R(P)". Thus (2.5.4) becomes

(2.5.5) uX) = f F@RP)YK(@2,05)FX - Q)ds(Q).
Q)

We shall denote this representation of #(X) in terms of the coordinates (¢p,np)
by u(X;7,). In addition to this representation for u(X) we introduce the vector
function

U(X;7ip) = u(f3X;7ip) = (U(X),9,,u(X),0,, u(X)).

Letting D (9,,,9,,) = ({,0,,,0,,) we have
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(2.5.6) u(X;rip) =J FQRP)K(92,95)" D (93,95,)F (X — Q)ds(Q).
a0

We recall from (4.11) of Agmon [1] that if f is the restriction to {2 of a polyno-
mial of degree =1 and its partial derivatives, the multiple layer potential
u(f;X) can be calculated explicitly. If f = (f, f., f,) where fis a polynomial of
degree =1, one has

2f(X) ifxe

2.5.7 - X) = )
( ) “5X) {0 if X € R\ ().

This follows from a standard argument based upon Green’s formula (2.2.2).

We conclude this section with an observation concerning the principal part of
the multiple layer potential u,(X)—the part which comes from f. From (2.2.2)
we see that

dy 0 0
(2.5.8) uX)=| f(Q) = Q)= + 05, ) F(X = Q)
00
dx
+ = (0%, + 332, F(X - Q)} ds(Q)
dy
= j f(Q)— {—6?(6% +3)FX - Q)
20 ds
dx dx
+ - (0)32(3% + %)F(X - Q) + 2;3 Q) FX —- Q)
+ 2dy 292
= (@) o5 (35 F(X — Q) ds(Q)

= f @8, (AF)X = Q) + 26,,(05) F(X — Q)}ds(Q)
0

where d,, and d,, denote the interior normal and tangential derivatives at Q. Since
AF is a fundamental solution for Laplace’s equation, the first integral in u;(X),

f F(@)0,,(AF)X — Q)ds(Q)},
;93

is a multiple of the classical double layer potential. Thus in analyzing u,(X) we
will use many of the properties of the double layer potential established in [4].
We note that the results stated in [4] are for dimensions n = 3 but the results
which we shall use hold equally well for the case n = 2.
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3. Boundary Integrals

3.1 Calderdn’s theorem. In Section 2.5 we introduced the multiple layer
potential

uX) = u(f;X) = J FQ)K(32,62) F(X — Q)ds(Q)
[iL9)

where f is a compatible triple in B, and X & dQ). More generally, we consider
(3.1.1) WX) = u(f;X) = @X),u,(X),u, (X))

f FO)K(32,02) D(0Y,05) F(X — Q)ds(Q).

We recall from (2.5.3) that K'D = (k;) is a 3 X 3 matrix. For X & 9() the integral
in (3.1.1) exists and of course is C” as a function of X. In Chapter 4 we will
show that u(X)— (I + #) f (P) as X approaches P non-tangentially. The main
result of this chapter is that the boundary operator ¥ exists in the principal valued
sense a.e. and that the mapping f— % f is compact on the space %,. The main
tool for proving these results is the following:

(3.1.2) Theorem (A. P. Calderén, [2]). Let F(z) be analytic in |z| < R,
R > 0. Let & be a real valued Lipschitz function on R. For € > 0, and f € L”(R),

1 =<p<olet
Lf® = f f(s)t F(¢(s) - ¢<t)> s
|s—t|>e

Nl s —t

Then there exists an absolute constant oy such that |&'|l. = Rag(1 + ag)™"/?
implies the operator L*f(t) = sup |L.f(2)| is of weak type (1,1) and of strong

type (p,p), 1 < p < . Moreover Lf(t) = 11m L.f(t) exists almost everywhere
forfE LP(R), 1 = p < =,

At various points in this paper we also make use of a more general version of
Calderén’s theorem. We refer the reader to Theorem 4 of [3] for the precise state-
ment of this theorem.

3.2 Trace of the multiple layer potential. In this section we analyze (prin-
cipal valued) integrals over d{) which arise in describing the non-tangential limits
of the multiple layer potential. Let P, € 4} be fixed and assume f has support
in B(Py;3) N 9 where & > 0. When working on d{) we will use the notations
LP(B(Py,d)) and L7(B(P,,d)) in place of L?(B(Py,d) N 9€)) and LY (B(Py,d) N
0Q). From (2.5.5) we have

(B.2.1)  uX) = ulX;nip,) = f F@RP)KBE,67 ) FX — Q)ds(Q).
i[9
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Formally, letting X — P € 9() in (3.2.1) we obtain integrals of the type

(3.2.2) S(f.P;Py) = f F@RPY K202 ) FX — Q)ds(Q)
10

= J; Qf(Q>{<ﬁp0,ZQ>A1(a£O,aS,,O)
+ (p,,lg) C1(82,, 05 HF (P — Q)ds(Q)
+ f ) (t:(P) 8(Q) + 1(Po) R(Q)) (7, Tg) Az (82,09 )
+ (tpys10) C2(85, .02 )L F (P = Q)ds(Q)
+ f @PoRQ) - 12(Po) 8(Q(ip, 1) As (92, ,0%,)

+ (lpyyig) C3(92 0L I F (P — Q)ds(Q)
=L +1+1,
Replacing t;g + t,h and t,h — t,g by arbitrary functions in L?(B(P,,d)) for I, and
I; we will show that all these integrals exist for almost every P € 4{}, and that
I, gives rise to a compact integral operator from L} (B (P,,d)) into L7 (8€2) while
I, and I, give rise to compact integral operators from L (B (P,,d)) into LY (8£2). To

prove these results we must work in local coordinates. We assume via a partition
of unity that our functions are supported in B(P,y,3) N ) and that

B(Py,43) N Q = B(P,,48) N {(x,y) € R*:y > d(x)}

where ¢ € C§(R) and |||, is sufficiently small.
We begin with the following.

Lemma (3.2.3). Let f € LP(8Q)) with support in B(Py,8). For € > 0 and
P € B(P,,4d) let

Il,ef(P) = f Postd) f(Q){(ﬁPo’;Q>Al(atp0’anp0)

|P-g[>e

+ (Lpyy o) C1(3yyy 00, )} F (P — Q) ds(Q).

Then I, f(P) = lim I, . f(P) exists for almost every P € B(P,,43) and the mapping
e—=0
f— L,f is continuous from L? (B (P,,d)) into L (B (P,,43)).
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Proof. We first consider the operators of the form
3 Q
Jf(P) = f f(Q)( . B) F(P = Q;rip)ds(Q) (o + B =23).
B(Po,43) onp,dtp,

|P-Q|>e

We note that it makes no difference whether we use F(P — Q) or F(P —

Q;rip,) in defining J, f since a + B = 3. Let J*f(P) = sup|J.f(P)|. We now
€>0

show the mapping f— J*f is bounded from L?(B(Py,d)) into LP(B(Py,4d)). In

terms of the (#p,,1p,) coordinate system with origin at Py, let P = (x,¢(x)) and

0 = (z,0(2)). From (2.3.5) we have

3

Q
(3.2.4) ( ) F(P — Q,fip,)

ang o,

{ 1 f (=0)dL }

Rey— 2 2 _ _

), (C + D) = &)L + (x — 2)]
1 1 (—=0°dg

2

Re
X —Z e —
e 1)2[1 N <¢(x) ¢(z>> g]

x—z
1 F, (d)(x) - ¢(Z)>

Il

X —2Z X =2z

where F () = Re(1/7%) [, ={*/(Z + 1)*(1 + {w). Thus the result for J*f re-
duces to showing boundedness on L?(R) of the Euclidean operator

f F. (d)(x) — ¢(Z)> @ 4
(x=2)2+ (o)~ b(2))?>e? X~z X =z

where & € Co(R) and ||d'|l. =< my. We fix the contour y to be the circle
|¢ — i| = 1/4. 1t is then easy to see that F, is analytic in a neighborhood of 0
and hence by making m, small enough, we may assume

F <¢(x) - ¢(z)>

X — 2z

(3.2.5) sup

>0

=B

where B is a fixed constant. Now
{z:(x = 2> + () — d(2))* > €2} = {z:|x — z| > e(1 + md)"*}\
{z:lx —z| > e + my) " and (x — 2)° + ($(x) — b(2))* = &}

Thus the operator in (3.2.5) is dominated by

f . (¢(x> - ¢(z)> 1@ dz‘
|x—z>€ X — 2 X — 2z

(3.2.6) sup

e>0
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+ B sup j
e>0 e(1+md)~12=|x~z|=e

f F. (cb(x) - ¢<z)> f@) dz‘
|x—z|>¢ X —z X -z

+ B + md)'? sup e"IJ |f(2)|dz.
>0

[x—z|=e

f@)

X —Zz

dz

= sup
e>0

The last term in (3.2.6) is a constant times the Hardy-Littlewood maximal function
which is bounded on L”(R). The first term in (3.2.6) is bounded on L”(R) by
Calder6n’s theorem providing my is sufficiently small depending only on the ra-
dius of convergence of the function F, about zero. It now follows that f — J*f
is bounded from L?(B(P,,d)) into L”(B(P,,438)). From this it is clear that the same
result holds for I#f(P) = sup|l, . f(P)|.

>0

In order to prove I, f(P) exists for almost every P € B(P,,43) we prove that
I, f(P) exists for all P € B(P,,48) when f € C'(8(2). We first show that

e—0

(3.2.7) lim f {{7ip, 10 ) AL (02,,02.) + (Ip,s1o) C1(32, .02 )}
aQ

|P-Ql>e

F(P = Qi/ip)ds(Q) = 1.
By (2.5.8) we rewrite (3.2.7) as

(3.2.8) limf 3,,ACF (P = Q;7ip,)ds(Q)
N

e—0

|P—Q|>e

+ 2lim J 3,,(02, 02 YF (P — Q;7ip,)ds(Q).
1)

e—>0

|P-Q|>e

The first limit in (3.2.8) is 1 since the kernel of the first integral is that of the
double layer potential (see page 170 of [4] but note that our fundamental solution
is twice the one used in their paper.) For the second integral in (3.2.8) we integrate
and must compute

lirré{(aﬁ,oago)F(P = Q:7ip)g=gye) T (09,02 ) F (P — Q3 np))|0=0,00}

where Q,(g) and Q,(¢) are on d() on opposite sides of P with [P — Q;(t)| = e,
Jj =1, 2. Suppose P = (x,d(x)) and Q,(e) = (x + h,b(x + h)), h > 0, in local
coordinates at Py,. From (2.3.5) we have

<P - Q’;P )(P - Q’ﬁP >
0 40 — O 7)) = o .
(329) anpoafPOF(P Q’nl’o) |P _ Q’Z '
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In terms of local coordinates 6%, 9% F(P — Q;np,)|o=g,) becomes

h(d(x) — d(x + h))
B+ (b + h) = 6())

_ _<¢<x +h) - ¢(x>><l L bt h) - ¢(x>)2)“
h h '

Taking the limit as 2 — 0 in (3.2.10) we find that
(.2.11)  1im (3% 92 F(P = Q:rip)loie) = —¢' ()1 + ¢'0)*) 7.
e—0

(3.2.10)

Repeating this argument for Q,(¢) = (x + h,b(x + h)) with A < 0, we find that
lim (92, 38,F (P = Q3/in,)o) = =¢'@(1 + 6'0") ™"

It now follows that the second limit in (3.2.8) is 0. This establishes (3.2.7). Now
suppose f € C'(8()) with support in B(P,,43). We write

32.12)  L.f(P)= f (f(Q) = FP)(iinysTo) Ay @iy 0y,

aQ
[P—Q|>e

+ £y 10) C1(B 190y )Y F (P = Qi ip, ) ds(Q)

+f(P)f {(ﬁPo’;Q>Al(afpo’anpo)
;193

|P—Q|>e
+ (FpysT0) C1(81p, 100, )L (P = Q3 1ip, ) ds(Q).

By estimates in §9 of [1] we have |A,(32 .05 )F(P — Q;np)| = O(P — Q")
and |C, (93,05 )F (P — Q);np)| = O(P — Q|™"). Thus for f € C'(6Q) the first
integral in (3.2.12) converges absolutely as € — 0 while by (3.2.7) the second
integral in (3.2.12) converges to f(P) as € — 0. Thus /,f(P) exists for all P if
f € C'Q). By standard arguments, it now follows from the maximal estimate
that for f € L”(B(P,,d)), I,f(P) exists for almost every P in B(P,,43). The con-
tinuity of f— I, f also readily follows from the estimate for the maximal function.
This completes the proof of Lemma 3.2.3.

We now establish compactness of f — I, f from the space L{(9{2) into itself.
We have

Lemma 3.2.13. Let f € L7(3Q)), 1 < p < © with support in B(P,,8) N ().
Let s € Cy(3Q) with support in B(P,,43) N 0Q). Then the mapping f — b1, f is
compact from L (B (P,,d)) into L7 (B(P,,49)).

Proof. By (2.5.8) we again write I, f(P) as
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(3.2.14) p.v. f F(@)8,,A°F (P = Q;7ip,)ds(Q)
o0

+2p.v. J £(Q)8,,(82,82 ) F (P = Qs7ip,)ds(Q).
Q)

Since the first integral in (3.2.14) is the double layer potential of f, the result of
the lemma holds for this integral by Theorem 1.6 of [4]. Thus we need only prove
the lemma for the second integral in (3.2.14). Letting P = (x,d(x)) and Q =
(z,4(2)) in local coordinates with origin at P, and noting (3.2.9) this integral be-
comes

d (x = 2)(d(x) — &(2) _
(3.2.15) p.v. Lf(z) s {(x ~ o+ b = d>(2))2} dz = p.v. J;f(z) V(x,z)dz

where ¢ € C§(R). We note that in changing from principal valued integrals on
R, an error term arises. This error term is estimated just as in Theorem 1.2 of
[4]. We first note that [ ¥ (x,z)dz = 0. A simple computation shows that

—¢'(x) _
1+ (¢' (%))

We denote the integral in (3.2.15) by Sf(x). We now show that for f € L (R)
when ¢ € C§(R), (d/dx)Sf(x) exists and is given by

J‘P(x,z)dz= -J’ V(x,z)dz.

d
(3.2.16) —§f(x) = f (f@ = f(x))3,¥(x,2)dz.
dx R

We first consider f € Cg(R). For & > 0 we have

1 1
(3.2.17) z[Sf(x +h) - Sf(x] = ;IJ' [f@ = fOIYGx + h,2) — b(x,2)]dz
R

= (J + f )(. .)dz
|x—z|=2h |x—z|=<2h

=A,(x) + B,(x).
Now B,(x) — 0 as A — 0. To see this, we note that
|[W(x + h,2) = V(x,2)| = |[¥(x + h,2)| + |P(x,2)| = C

where C depends on ¢ but not on 4. By the mean value theorem

1
|B,(x)| = P f I | ¥ x + h,z) — W(x,2)|dz
(3.2.18) bezjss2h
=2ch—0 ash— 0.
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To show A,(x) = [x (f(2) — f(x))¥,(x,2)dz we apply the dominated convergence
theorem. A laborious computation shows that

=Clx— 2|2

1
Z(\I’(x + h,z) — V(x,2))
for [x — z| = 1 while for 2h < |x — z| = 1,

=Clx—z™".

’% W(x + h,z) — V(x,2))

Applying the mean value theorem to f for 2k =< |x — z| = 1 shows that on this
interval the integrand in A, is uniformly bounded. Thus by the dominated con-
vergence theorem, we obtain (3.2.16) when f and ¢ are in Cy(R).

In order to extend (3.2.16) to the case when f € L{(R), we note that a simple
calculation shows that for & € Cj, |¥,(x,z)| = C|x — z|™' where C depends only

upon ¢. This implies
P
<e|
p D

where D = supp ¢ X supp ¢ and C' still depends upon ¢. This shows that when
b € Cy(R), Sf maps L;(R) into itself continuously and that the formula for
(d/dx)Sf remains valid for f € L} (R).

Finally, we extend (3.2.16) to the case when & € C¢(R). In this case (d/dx)Sf
is interpreted in the sense of distributions. Choose {¢;} with ¢; € C5(R) and
¢, — &, &) — ¢’ uniformly as j — © with ||d]||.. sufficiently small for all j. Set

14

f(x) _f(z) dde < Cl"fl”;;

x —

(3.2.19) ”is
2. —Sf

(3.2.20) Sif(x) = f W;(x,2)(f(x) — f(2))dz,
R

where ; is as in (3.2.15) with ¢; replacing ¢. Now
d ]
o Sif(x) = o W;(x,2)(f(x) = f(2))dz.

Writing out (8/9x);(x,z) it is easy to check that Calderén’s theorem [3], Theorem
4 can be applied to conclude

where C does not depend upon j. Since S;f— Sfin L”(R) as j — ©, we conclude
that Sf € Lf(R) whenever f € L} (R) and that ||Sf|»®) = C||f]l.?®- Finally in the
sense of distributions, we have

d
—S.f

=C p
dx ||f||L|(R)

LP(R)
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d o d . ]
d—xSf= lljyn;i}S,f= l1;n Ra Y, (x,2)(f(x) — f(2))dz

d
=p.v. Ja‘l’(x,Z)(f(x) - f(2)dz.

Thus (3.2.16) is now established when & € Cy(R).

We now turn to the final step of the lemma which is to prove that the mapping
f— USfis compact on Li(I) where [ is a fixed interval containing supports of ¢
and ¥. Let Py(d) = Py(d;x,2) = d(x) — &(z) — ¢'(2)(x — z), the second order
Taylor series remainder of ¢ at x expanded about z. Again let {¢,} be a sequence
of functions in C(R) all with support in / such that ¢; = ¢ and ¢; — ¢’ uni-
formly. Then using the formula for (d/dx)Sf we have

(3.2.21) i Sf(x)
dx

o J [(x = 2" + (d(x) = d@))’1(x = 2)* = (b (x) — db(2))°]
Uk ((x = 2 + (b)) — d(2))*)°
U — &) (x) — (b — b)) DI Sfx) — f(2)dz
[(x = 2)’ = ($(x) — $(2))’d' ()]
—2p.v. > S
g ((x— 27+ (® — d2)°)
(x = 2)(d(x) = P — d(2) — &' (XN)(x — 2))
+ 6p.v. > N
R (x =2+ () — d(2))
“Pyd — dix,2)(f(x) — f(2))dz
f [(x = 2" + (d(x) — d@))1[(x — 2)* — (d(x) — d(2))*]
+ p.v. 3 N
R ((x =2+ (@) — d(2))
“(d;(x0) — &;2N(f(x) — f(2)dz

“Py(d — djx,2)(f(x) — f(2))dz

_ 3 _ 31
_ J (&= 2 — (60 = SV W p o o rw) = Fondz
R

((x = 2" + (6 — (2)*)’
N 6f (x = (@) — d@(Px) — ¢(2) — ¢'(W)(x — 2))
R ((x = 2" + (d) — $(2))*)°

“Py(d;x,2)(f(X) — f(2))dz.

By Calderén’s theorem [3] the first three integrals in (3.2.21) as operators from
LA(I) into LP(I) have norms tending to zero as j — . Since ¢; € C7, the last
three integrands are weakly singular and it is easy to see that the last three op-
erators are compact from L5 (I) into L?(I) for each j. It now follows that the map-
ping f— Sf is compact from L% (/) into itself. This completes the proof of Lemma
(3.2.13).
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Returning to (3.2.2) it now follows that the operator I/, is compact from
LL (B(P,,d)) into L (3QY). Replacing t,g + t,h and t,h — t,g by arbitrary L? func-
tions with supports in B(P,,) in I, and I; we now show that the operators /, and
I; are compact from L?(B(P,,8)) into L% (3€)). We have

Lemma (3.2.22). Let f € L’(B(Py,9)), 1 < p < o, and for j = 2, 3 and
P € 9Q, let € Cy(3Q) with support in B(P,,4d), and for j = 2, 3 let I,f(P)
be defined as in (3.2.2)—i.e.

(3.2.23) Lf(P)= f F@Hir,i0)A;(32,,02,)
a0

+ (1, :10) C;(92,,02 )} F(P = Q)ds(Q).

Then for j = 2, 3 the mapping f — YI,f is compact from L?(B(P,,9)) into
L5 (0Q)).

Proof. We first note that the integrals in (3.2.23) converge absolutely for all
P € 9Q) since the A;’s and C;’s are second order differential operators and we
have from (3.1) of [1]

32
F(P — = O log|P — Q|.
‘(ani’ioat%o) ( Q)‘ BF -0
It also readily follows from Minkowski’s integral inequality that each of these
operators is bounded from L?(B(P,,d)) into L?(3{2). We now consider operators
of the form
2

o
Sof(P) = f f(Q)( ) F(P = Q;rip)ds(Q) (@ +B=2)

ong, a8

1 (—0)* log(P = Q.7in,L + 1p,)
- Re{ﬁz j @ f T dgds@)}.

(3.2.24)

(We are assuming that f is real valued.) Letting P = (x,d(x)) and Q = (z,6(2))
in local coordinates with origin at P,, our problem is to analyze

1 (=0 log[(d(x) = d(L + (x — 2)]
(3.2.25) S.f(x) = Re{ﬂ_—z L 1@ L i dgdz}

where & € C)(R). We show that for f € L”(R), S.f is in L}(R). Let ¥(x,z)
denote the kernel in (3.2.25). We will show that for f € L’(R), S, f has a dis-
tributional derivative in L”(R) given by

(3.2.26) ‘—;iSaf(x) Re——- p.v. ff(z)a W(x,z)dz.
x

An integration by parts argument shows that for any test function (x),
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(3.2.27) j B'(x)S.fdx = —f B(x){p.v. Jf(z) ax‘lf(x,z)dz}dx
R R R

provided the maximal operator

(3.2.28) sup

>0

f f(2)8,¥(x,2)dz
|x—z|>e

is bounded on L”(R). From (3.2.25) we have
(_1)01 §u+ld§
+ D) — d(@) L+ (x — 2))

(3.2.29) 9,¥(x,2) = d'(x) f 3
, (@

J (=0 dt
@+ D) — @+ (x — 2)

Applying Calderon’s theorem to each term separately, it follows that the maximal
operator in (3.2.28) is bounded on L”(R). It also follows that the integral in (3.2.26)
exists for a.e. x and represents a function in LP(R). This shows that S, f has a
distributional derivative given by an L” function and thus S,f is in Lf. It now
follows that the operators I, and I; are continuous from L7(B(P,;d)) into
L7 (3€2). The last step is to show these operators are compact. In order to prove
compactness, we must work with the kernels of these operators explicitly. From
(2.2.3) it suffices to prove each of the following operators is compact from
LP(B(P,,d)) into LP(B(P,,4d)):
2 2

[
(3.2.30) W(P)S,f(P) = U(P) J f(Q)(g— - :9——) F(P — Q;7ip,)ds(Q)
;103 Po np,

and
2

0
b(P)Sf(P) = llJ(P)f f(Q)( ) F(P — Q;nip,)ds(Q).
a0

onp,d1p,

We begin with S, f. From (2.3.5) we have

(P - Q’n}’o>2
P —QF

Using local coordinates with origin at P, it suffices to prove the compactness from
LP(I) into L;(I) of the Euclidean operator

1
(3.2.31) S f(P) = 2—'[ fQ ds(Q).
T Js0

o ) (©0) ~ $(2))’
3.2. =
(3232 WS f() = b(x) Lf O =27 + 6 - 607

where [ is a fixed interval of R. From our previous remarks US, f has a distri-
butional derivative given by
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o : IR o)
(3.2.33) ' (x)S,f(x) + b(x)p.v. Lf(z) Py {(x Z 0t G0) = ¢(Z))2} dz.

The first term in (3.2.33) is clearly compact on L?(I) so we need only prove
compactness on LF(I) for the second integral in (3.2.33). This integral is

(3.2.34) —2y(x)p.v. f f@
R

'(d)(x) = d@)x — Db — d(2) — '(N)(x — 2)] s
((x = 2" + (d(x) — d(2))*)’ '

Let {¢;} be a sequence in C (R) with supports in / and ¢;— ¢, &;— ¢, uniformly
as j — . For j fixed it is easy to see that the operator

(3.2.35) —2d~1(x)p.v.J'f(z)
R

() — d@)x — 2)d;x) — 4;(2) — di(N)(x — 2)] &
((x = 2" + (6) — 6"’

is compact from L”(I) inEo itself. Denoting the operator in (3.2.34) by T, and the
operator in (3.2.35) by T ;, we have

(3.2.36) (T, - T,))f(x)
(d(x) — d@)x — D[(d — d)x) — (b — d;)(2)] &
((x = 2 + (b(x) = d(2))*)

S (G — @ = 2)°
O d“”xLﬂﬁ«x—aﬁ+wu)—¢aWde

= 24(x) f f@)
R

By Calderén’s theorem we have

T, = T )l = ClAl Dl = ill + lld" = bfll)-

This shows that the operator in (3.2.34) is the norm limit of compact operators
and hence is compact on L(I). This establishes compactness for the first operator
in (3.2.30) and we now prove compactness for the second operator in (3.2.30).
Again using (2.3.5) we have

(P — Q,fip, XP — Q,1p,)
P - Qf

In terms of local coordinates we find {sS, f has a distributional derivative given
by

1
(3.237) S f(P)= ——f f(Q){ }dS(Q).
47 J.q
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(3.2.38) WS, fx)
) (6 = 6@ = (& = 2’ [0 () — b(2) = ¥’ W = 2)]
+ . d
Ve p.v Lf ® (6= 27 + (6() — b)) )

= ' (S, f(x) + TLf (x).

An argument just like the one used for T, shows that the mapping f — T,f is
compact on L°(I). This completes the proof of Lemma (3.2.22).

We return briefly to (3.2.2). Let n(P) be a C' function on Q) with n(P) = 1
for [Py — P| =8, n(P) = O for [P, — P| > 43, and 0 < n(Q) =< 1. For any of
the integral operators /;f in (3.2.2) where f has support in B(P,,d), we write

(3.2.39) Lf(P) =P f(P) + (1 = n(P)Lf(P).
By the preceding lemmas, the first operator in (3.2.39) is compact from
L;(B(Py,d)) or L’(B(P,,d)) into L7 (32). The second operator in (3.2.39) is com-
pact from L% (B(P,,d)) or LP(B(P,,d)) into L% (3(2) because support of f and support
of (1 — m) are separated by a positive distance and the kernels are smooth off the
diagonal It now follows that the operator f— S(f,P;P,) is compact from
LL(B(Py,d)) X LP(B(P,y,d)) X LP(B(P,,d)) into L% (31).
Putting the preceding results together we have the following

Theorem 3.2.40. Let f € L (9Q) X L”(3Y) X L"(8Q) and let {B(P;,3))}}-, be
a finite covering of ) such that
B(P;,43)) N Q = B(P;,48) N {(x,y):y > ¢;(0),; € Co(R)}.
Let {s;} be a smooth partition of unity subordinate to {B(P,,,)};-,. Define

(3.2.41) Tf(P) = 2 S(f,P;P;)

wheref, W f, f(a¢,/ax) + Y8, f(aq;,/ay) + k) and S(-,P;P;) are defined in
(3.2.2). Then for f € B ,(0Q) and d; sufficiently small one has Tf € L5(3Q) and

(3.2.42) 1T ler0m = cll Fllpi-

Moreover, the mapping f— Tf is compact from L;(9Q) X L (9Q) X L7 (dQ) into
L; (0Q)).

We conclude this section by noting that the operator given by (3.2.41) is closely
related to the boundary values of the multiple layer potential u(f;X).

3.3. Trace of the derivatives of the multiple layer potential. In this section
we analyze (principal valued) integrals over d{} which arise in the non-tangential
limits of the derivatives of the multiple layer potential.

As in the previous section we must first work locally. As before, we let
P, € 9Q) and assume f has support in B(P,,8) N Q). As observed by Agmon [1],
for X € B(Py,43) N () it is convenient to use a representation for u(X) which
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varies with P € B(P,,48) N 9. For X € B(P,,48) N 9} and P € B(P,,48) N
0} we have

(3.3.1)  uX) =uX;n,) = f F@QRP)K(2,09) F(X — Q)ds(Q).
Q)
Differentiating u in directions parallel to f» and 7i, we have

d,u(fiX) = f f@QRPY K (3,8%) 9, F X — Q)ds(Q)
(3.2.2) a0

0,u(f;X) = f FORP)K(32,02) 05, F (X — 0)ds(Q).
a0
Let f(P) denote the constant vector ( f(P),O,O).~ We know fron_l (2.5.7) that
u(f(P);X) = 2f(P) and consequently d,,u(f(P);X) = 9,,u(f(P):X) = 0.

Writing out 8, u(f — f(P);X) and d,,u(f— f(P);X) and then formally letting
X — P we obtain

(3.3.3) d,u(f;P)

= f (F(Q) = FP)RP) K (82,62) o, F (P — Q)ds(Q)
aQ

= J (F(Q) = FPYrip 15} A1 (82,02 + (Fp,1,) C, (32,62 )} 6F.F (P — Q)ds(Q)
a0

+ f 0P+ B(PYR(Q)(7ip,15) A,(82,62)
+ (ip, o) C2(92,09)} 95, F (P — Q)ds(Q)
+ f (P - 1(P) 8@ (rip.ig)A3 (62,02
+ (ip,1o) C3(32,02)} 95 F (P — Q)ds(Q)
and

(3.3.4) 8,u(f;P) = f (f(Q) = FPYRP)'K(82,0%) 9n,F(P — Q)ds(Q)

N
= f f( D _f(P)){<ﬁPa;Q>Al(a$yagp)
N
+ (fp,f) C1(92,02)} 00 F(P — Q)ds(Q)

+ j (t(P)g(Q) + tZ(P)h(Q)){<ﬁP9;Q>A2(a$’angp)
a0
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+ (p,19) C5(82,02)} 9}, F (P — Q)ds(Q)
+ J' (tL(PYR(Q) — 6,(P) g(Q)){(rip, 1p) A3(32,05,)
o0

+ (tp,10) C5(32,02)} 0, F(P — Q)ds(Q).

We must analyze the integrals in (3.3.3) and (3.3.4) individually. We first ana-
lyze integrals of the following types as integral operators from L% (B(P,,3)) into
LP(0Q)):

Jif(P) = f (F(Q) = f(P)A(32,05) r F (P — Q)ip,io)ds(Q)
Q)

Lf(P) = f (f(Q) = f(P)A(32,95,) 8, F (P — Q)rip,rig)ds(Q)

[iL9)

(3.3.5)

Lif(P) = f (f(Q) — f(P)C1(82,02) 5 F (P — Q)tp,to)ds(Q)

o

Jof(P) = f (F(Q) = F(P)C1(32,32) 81, F (P — QXip,1p)ds(Q).

Q)

We will analyze the integrals of the following types as integral operators from
L7 (B(P,,d)) into LP(95)).

Jsf(P) = f F@)A(82,02) 37, F (P — Q)fip,fg)ds(Q)
0
Jof(P) = f f(Q)A,(82,02)9,,F (P — Q)rip,to)ds(Q)
a0
J1f(P) = f F(Q)A3(82,02) 95, F (P — Q)rip,to)ds(Q)
(3.3.6) a0
Jof(P) = f F(Q)A3(82,02)97,F (P — Q)ip,1o)ds(Q)
;[0

Jof (P) = f F(Q)Cx(32,82) 85 F (P — Q)tp,to)ds(Q)
00

Jif(P) =f FQ)C3(32,02,) 8, F (P — Q)ip,ip)ds(Q).
a0

We recall from (2.2.3) that C, = 0. We also note that in all of the above integrals
we may replace F(P — Q) by F(P — Q;1ip) since all differential operators acting
on F are of degree =3. We also replace
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ILF (P — Q;7ip) by (1) ZF (P — Q;7ip).
We begin by analyzing the operators in (3.3.5). We have

Lemma (3.3.7). Let f € L;(3Q) with support in B(P,,d). For ¢ > 0 and
P € B(P,,48) let J;.f(P) denote any of the integrals in (3.3.5) where the
integral is taken over dQ\B(P,e). Then for almost every P € B(P,,4d),
Jif(P) = lim J,;, f(P) exists. Moreover the mapping f — J,f is compact from

0

LE(B(P,.5)) into L' (B(Py 43)).

Proof. We first prove boundedness for maximal operators of the following
types.

I¥sf(P) = sup f (f(Q) —f(P))<
IP-0l>e

4

>0

Q
P a:}i) F(P — Q;7ip)fip,tp)ds(Q)

and
4

0
I*,f(P) = sug J’ (f(@ —f(P))< ) F(P — Q;7ip)tp,1p)ds(Q)
e>0 1 Jlp-gl>e

ong dth

where a + B = 4. From (2.3.5) it follows that
4

Q
(3.3.8) ( ) F(P = Q;np)

onsarh

_ (=0°d
= Reycap 2 2 > 2 V)2
@+ D'P = Q.rip)L + (P — Q,1p))
where ¢, g is a real constant depending only upon o and B. Applying Cauchy’s
integral formula in (3.3.8) it follows that

<P - QJ;P)”(P - QJP)V

> cun . :

ptv=4 |P - Ql

Thus for operators of the type I, f it suffices to consider operators of the type

f (f(P) = FQNP = Q.1ip)*(P = Q,1p)"
[P—Q|>¢ IP - Q|6

Letting P = (x,6(x)) and Q = (z,4(2)) in local coordinates with origin at Py, we
are led to analyze Euclidean operators of the form

(3:3.10) sup f (f(x) = 2f(2))(¢ ®) -4 (f)z
€20 | Jix—z2+(d(x) - b(2))?>e> ((x = 20" + (d(x) — d(2))°)
: (—¢'(x>(x -2+ (dx) = ¢(z))>“ ((x —2) + WO = ¢(z>))”
1

————dz

V1+é'x)?

4

(4]
(3.3.9) < ) F(P—Q;np) =

onp oty

I, f(P) = sup

>0

<’:iP’;Q>dS(Q)’~
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from L; (R) into L?(R) where w + v = 4. Expanding (3.3.10) our problem finally
reduces to analyzing Euclidean operators of the form

(3.3.11) sup

e>0

f (fx) —f@)d'(x) — d'(2)
[x—z[2+(d(x)— b (x))?>e?

, (*x = 2" ~ b@) -
(x = 2 + (6 — d@) P (V1 + ¢'(0)*)
where ¢ + 7 = 4. Let us denote the integral in (3.3.11) by K¥.f(x) and let

L¥_ f(x) denote the corresponding maximal operator in which the integration is
taken over |x — z| > e. Then it is not difficult to see that (see (3.2.6))

f@) — f(2)

dz = cMf'(x)

e>0 X —Zz

(3.3.12) |K¥.f(x) — L¥.f(x)) <csupe”’ J'
|[x—z|=e

where Mf'(x) denotes the Hardy-Littlewood maximal function of f'. Breaking up
L# . f(x) into two parts—one with ¢'(x) and the other with ¢'(z)—it follows from
Calderén’s theorem [3], Theorem 4 that the operator f— L¥_f is bounded from
LY (R) into L”(R). It now follows that the operator f — I¥,f is bounded from
L% (B(Py,d)) into L”(B(P,,4d)). The proof for integrals of the type / *af 1s iden-
tical with the proof just given except that in (3.3.10) ¢'(x) — &'(z) is replaced by
1 +¢'(x)d'(2). Let J¥f(P) = sup|J; . f(P)|. It now follows that each of the oper-
>0

ators f— J¥f is bounded from L% (B(P,,8)) into L7 (B(Py,43)), 1 =i = 4.

We now show that the integrals J;f(P), 1 = i =< 4, exist as principal valued
integrals for almost every P € B(P,,43) N d{) and that the operators f — J,f are
compact from L (B(P,,9)) into L”(B(P,,4d)). We first consider J, f and J,f. Let
k(x,z) denote the functions

A(92,09)0,F (P — Q;7ip) or  Ay(82,05,) 8, F (P — Qsfip)

tp

where P = (x,d(x)) and Q = (z,4(z)) are in local coordinates with origin at P,
and where & € C¢(R). J,f and J,f are then of the form

(3.3.13) Tf(x) = lim T, f(x)
e—0
) $'(x) — ¢'(2) d
V1+ (¢’ )

Let {¢;} be a sequence in C5(R) with ¢; > ¢ and ¢; — ¢’ uniformly. Let
(3.3.14) T;f(x) =lim T, f(x)
e—0

= limf (f&x) = f(2)k(x,z
Jx—z|>e

e—0

() — $j(2) ) &
V1+ (')

From simple estimates on the derivatives of the fundamental solution we have

= lim f (f(x) —f(z))k(x,2)<
Jx—z|>¢

e—0
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[k(x,2)] = c|x — z|7%. Since |$j(x) — &j(2)| = ¢;|x — 2| it follows that the integral
T;f(x) exists for almost every x, j = 1, 2, ... and that each of the operators
f— T,fis compact from L7 (/) into L?(I) where [ is a fixed interval on R. From
the first part of the lemma, it follows that (T, — T,.) f(x) can be written as a sum
of integrals of the form

(3.3.15) J'
|x—z|>¢

(f) = fF@P = $)'(x) = (d — )" (D))(x — 2)(d(x) — d(2)) d
((x = 2" + (6 — $@)*)P' V1 + ¢'(x)?
From the first part of the lemma, we have

(3.3.16) [sup (T, = T, f Ollrir = Cl s (6 = Sl + 6 = ).

It now follows from standard arguments that the integral in (3.3.13) exists for
almost every x. Moreover, it also follows that T; — T in norm and therefore the
operator f — Tf is compact from L{(I) into L*(I). Finally, we note that the
e-truncated integrals for J, f and J,f differ from the e-truncated integrals for Tf
by a function which tends to 0 in L” norm as € — 0 (see [4], Theorem 1.2). Thus
Jif(x) and J,f(x) agree with the operators Tf(x) almost everywhere and conse-
quently the lemma is established for the operators J, and J,.

We now consider the operators J; and J,. Let k(x,z) denote either of the func-
tions

C1(82,02)0L F(P — Q;7ip) or C,(32,02)85F(P — Q;7ip)

in local coordinates with origin at P, with P = (x,d(x)) and Q = (z,0(2)),
¢ € Cy(R). Let {d;} be a sequence in CH(R) with ¢, — ¢ and ¢;— ¢’ uniformly.
Let

ki(x,z) = 1(3%,3@)3 (F(P Q;;7p) or 1(3%,3Q’ f,jF(Pj - 0 ﬁpj)

where P; = (x,$;(x)) and Q; = (z,$;(2)) in the same local coordinates. By Theorem
10.1 in [1] we have for 0 < B < 1

(3.3.17) ki(x,2)| = ¢;glx — 2| 7>*P.

We note that this is a very delicate estimate and depends upon the role of C, as
a conjugate Neumann operator. As before, we let

(3.3.18) Tf(x) =lm T, f(x)
e—0

1+ ¢’ (Z)>dz

= lim f (fx) — f(z))k(x,z)(—"—'—,———-——-——
Jx—z|>e 1+ (¢:(x))2

e—0



662 J. COHEN & J. GOSSELIN

and
1+ ¢’(x)d>'(2)>dz
V1+ (¢'())

From (3.3.17), it follows that T;f(x) exists for almost every x € R and that each
of the operators f — T;f is compact from L7 (I) into L°(I). From the first part of
the lemma it follows that

(3.3.19) T.f(x) — T, f(x)
S ctom) f (f) = f@) + &' X)) ' @)x — 2)°
otr=4 |x—z|>¢ V 1+ (¢,(X))2
{ (d(x) — b)) (&;(0) — &; (@) }
’ 2 23 2 35 (42
((x = 2> + (d() — ¢ ((x — 2* + (&;(x) — &; (@)Y

Let ¥, ({) denote the analytic function {"/(1 + {*)’ in a neighborhood of 0. Break-
ing up the term (1 + ¢'(x)$'(2)) it follows from (3.3.19) that T, f — T; . f can be
written as a sum of integrals of the form

(3.3.20) h(x)f (8(2) )(f(x) —f(z)>
Jx—z|>¢ X —2Zz X —2z

, {\PT <¢<x> - ¢<z>) v (¢,<x> - ¢,«<z)>} .
X —Z X —Z

where g and A have infinity norms bounded by a fixed constant. Now W ({) —
V. (0) = ({ — 0)G,({,0) where G.({,w) is analytic in a neighborhood of the origin
in C%. Then the integral in (3.3.20) becomes

<g(z) )(f(x) —f(2)> <(¢ - ) — (b — ¢,»)(z))>

X —Zz

e—0

Tif(x) = lil’% T f(x) = limf (f® —f(Z))kj(X,Z)<
Ld |x—z|>¢

(3.3.21) h(x)f

|x—z|>e X~z X~z

G<¢(X) - d)(z),d)j(x) - d)j(z)) s,

xX—z xX—z
Applying Calderén’s theorem [3], Theorem 4 to each of these integrals we obtain
(3.3.22) ”SSE(TS = T ) fOlleray = Clfllzar |6 — -

It now follows that Tf(x) exists for almost every x € [ and that T is the norm
limit of T; as j — . Thus T is compact from L7 (/) into L”(I). Just as before, the
results of the lemma now follow for the operators J; and J,. This completes the
proof of the lemma.

Remark. We note that the crucial estimate (3.3.17) can be extended to the
case B = 1—i.e. if ¢; € C?, one has |k;(x,z)| = c[x — z|'. This follows from
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noting that in (10.21) of [1] one in fact has |(Q — Q,) *7i(Qy)| = const|Q — Q,|*
if ¢; is C2.

Returning to (3.3.5), if we break up each of the operators J; through J, just as
in (3.2.39) it now follows from the preceding lemma that each of these operators

is compact from Lf (B(P,,d)) into L*(3)). We now analyze the operators J5 through
Jio. We have

Lemma (3.3.23). Let f € L(0Q)) with support in B(P,,d) and for P €
B(Py,43) N 3Q, let J,f(P) be as defined in (3.3.6), 5 = i = 10. Then for almost
every P € B(Py,49), J;f(P) = lim J; . (P) exists. Moreover the mapping f — J,f

e—0

is compact from LF (B(P,,d)) into L”(B(P,,49)).

Proof. The proof of this lemma is very similar to the proof of the previous
lemma and we will be brief. We first analyze the maximal operators

(3.3.24) I¥af(P) =sup

e>0

® \? .
j f(Q)( > FP - Q;ﬁp)<’7p,tg>ds(Q).
P—ol>e

onsoth

and

iff,ﬁf(P) = sup

>0

@ \° ..
f f(Q)< ) F(P - QQﬁP)OP,tQ)dS(Q)‘
[P—Q|>e

ong otk

where a + 3 = 3. Applying Cauchy’s theorem to calculate the kernels, the prob-
lem is reduced to analyzing operators of the type

P - Q.iip)*(P — Q,p)"
(3.3.25) I%,f(P)=sup j f(Q)< Qi) " Q.1r) <np,tg>ds(Q)’
e>0 | JIp—g|>e |P_Q|
and
N P — Q.ip)"(P — O0,1p) . .
I}, f(P) = sup j f(Q)( Q1) 2 Q:1r) (tp,tg)ds(Q)
e>0 | Jip—g|>e lP'—Q|

where w + v = 3. Writing out these integrals in local coordinates, we are led to
analyze the Euclidean operators

[
[x=z[2+(d(x) ~ d(2))*>€?

(') = ¢'@Dx = 2)°(d(x) — d@))

(3.3.26) sup

>0

(@—@“«Mﬂ—wmwwﬂ+¢vfﬂ}
and
SWJ ﬂﬂ(uwuwwm—#@m—mmfﬂl
>0 Jiprom-sorze ((x — 2 + (G0 — b@)P V1 + (b))
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where 0 + 7 = 3. A routine argument shows that the integrals in (3.3.26) and
the corresponding ones where the integration is taken over |x — z| > ¢ differ by
a fixed multiple of the Hardy-Littlewood maximal function. Finally breaking up
the terms (b'(x) — ¢'(2)) and (1 + ¢'(x)d'(2)) and applying Calderén’s theorem,
we obtain the boundedness on L?(R) of these maximal operators. It now follows
that the operators /% 3 and I  p are bounded from L”(B(P,,d)) into L”(B(P,,43)).

We now prove the pointwise existence and compactness of the operators J,;f.
We first consider Js through Jg. Let k(x,z) denote the kernel of any of these op-
erators in local coordinates with origin at P, and consider

') — $'(2) )
—dz
V1 + (¢' ()

where ¢ € Cy(R). Let ¢; — & and ¢; — ¢’ where each ¢, is in C(R) and let

$/(x) — dj(2) )

—— | dz.

V1 + (¢'x)

From trivial estimates on derivatives of the fundamental solution, we have
|k(x,z)] = C|x — z|™'. Thus for each j, the integral in (3.3.28) converges abso-
lutely and moreover the operator f — T;f is compact from L”() into L”(I). Let-

ting T, f(x) and T; . f(x) denote the truncated integrals in (3.3.27) and (3.3.28) we
obtain

(3.3.29) ”SEEE’KT:-: - Tj,e)f(')mu'(l) = C“f“u’(l)(“d) - ¢‘j”L"(l) + ”d), - d)j,”L*(I))'

(3.3.27) Tf(x) = f f(z)k(x,z)(
R

(3.3.28) T,-f(x)=Jf(z)k(x,Z)<
R

This follows by breaking up (T, — T;.)(f)(x) as in the first part of this lemma
and using the results there for the maximal operators. It now follows that each
of the operators J;f, 5 = i = 8 exists for almost every P in B(P,,4d8) and each
of these operators is compact from L?(B(P,,d)) into L (B(P,,4d)).

Finally, we consider the operators Jo f and Jof. Again let k(x,z) denote either
of the kernels for these operators in local coordinates with origin at P,. Specifi-
cally, let P = (x,d(x)) and Q = (z,d(z)) where & € Cy(R). Let ¢; = ¢ and
¢é; = ¢’ uniformly with ¢; € C5(R), j = 1, 2, ... . Let P, = (x,$;(x)) and
Q; = (z,9;(2)) and let k;(x,z) denote either of the kernels for J, f or J,of with P;
and Q; replacing P and Q. Consider the operators

(3.3.30) T o) = j 100 k(x,z)(l . ¢'(x)¢'(z)> .
® V1+¢'(x)

and

1+ cb’(x)d)’(Z))

— | dz.
V1+ ')’

Again by Theorem 10.1 in [1] we have for 0 < B < 1,

(3.3.31) ki (x,2)| < C;glx — 2|7 *P.

T;f(x) = ff(Z)kj(x,Z)<
R
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It now follows that the integral defining T f(x) exists for almost every x and more-
over the operator T; is compact from L?(I) into itself. Letting T, f(x) and T} f(x)
denote the truncated integrals in (3.3.30) we obtain as before

(3.3.32) ||i‘i‘3|(Te - T,-,e)f(')|||uu) = C”f”L"(I)(”d) - ¢j||L°°(1) + ||¢/ - ¢1"||L"(1))~

From this it follows that each of the operators J, f(x) and J,o f(x) exists for almost
every P € B(P,,43) and each of these operators is compact from L”(B(P,,d)) into
L?(B(P,,4d)). This completes the proof of the lemma.

Again, if we split each of the operators J5 through Jy, up as in (3.2.39) we
obtain that each of these operators is compact from L? (B(P,,d)) into L?(9€)). We
put the preceding results together in the following

Theorem (3.3.33). Let f € L5(9Q) X LP(9Q) X L"(9Q), 1 < p < =, and let
9,Tf(P) and 3, Tf(P) be defined by (3.3.3) and (3.3.4) respectively. Then each
of these operators exists as a principal valued integral for almost every P € ().
Also,

(3.3.34) 18.Tf leraen = ell £llps
and
16,7 e = €ll fllp.-
In addition, we have that each of these operators is compact from L5(9€)) X
LP(3Q) X LF(3Q) into LP(3€)).
Proof. We write f = 2": b f where {U;} is a smooth partition of unity sub-
ordinate to an appropriate open covering of d{) and apply the preceding lemmas.

4. The Multiple Layer Potential Near the Boundary

In this chapter we study the multiple layer potential u( f;X) near the boundary
of ). We will show that the multiple layer potential and its first order derivatives
have non-tangential limits at almost every point P € d{). We will see that these
“boundary values” are closely related to the operators studied in Chapter 3.

4.1. Boundary values of the multiple layer potential. Let f € RB,00),
1 < p < o, and let u(f;X) denote the multiple layer potential of f at X € ().
In this section we show that the multiple layer potential itself has non-tan-
gential boundary values almost everywhere. We first recall some of the geometry
of cones with vertices on 9{) from [4]. For 0 < oy < 1, there exists a constant
d = 3(a, ) such that for each P € 91}, the set

[,,(P3) ={XER*:0<|X—-P|<d and (X — P,ip) > ao|X — P[} C Q.

Moreover, there exists a finite covering of €2, {B(P;,5,)}/-,, such that

B(P;,4%,) N Q = B(P;,43,) N {(x,y) ¥y > 4,(X),d; € CoR), || = %’}
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We assume in this section that 8 = §; for j = 1, ..., n, our finite covering is
fixed and ||| small enough to guarantee the estimates of Chapter 3. Let {i5;} be
a smooth partition of unity subordinate to {B(P;,3,)}-,. Let Tf be defined on 9Q
as in (3.2.41). The main result of this section is the following

Theorem (4.1.1). Let f € B,(00), 1 < p <, and let u(X) = u(f;X) denote
the multiple layer potential of f at X € Q. Fix 0 < oo < 1, 3 > 0,
{B(P;,3)}/-1 and Tf as above. Then for almost every P € 9},

4.1.2) u(f;X)— f(P) + Tf(P)

as X > P, X € Q, (X — P,iip) > ay|X — P|. Also for almost every P € 9(),
one has

(4.1.3) u(f,X)— —f(P) + Tf(P)
asX— P, X € RA\Q, (X — P,rip) < —0p|X — P|.

Proof. We fix j and assume f has support in B(P;,,). We recall that
u( f;X) has the representation

(4.1.4) u(f;X) = f F@QRP)K @ ,05) FX — Q)ds(Q)
Q)

where
K(32,,85.) = {rip, 1) A32,62,) + (tp,,10) (82,02, ),

. .
1p; s 1p;

A = (A},A,A;) and C = (C),G,,C5). We first analyze the “lower order” terms
in u(f;X)—i.e. the ones involving A; and C;, i = 2, 3. Since these terms involve
second order derivatives on F(X — Q) we have fori = 2, 3

4.1.5) |Ai(82,,9%,)F (X — Q)| = c log|X — Q|
and

|Ci(85,,05,)F(X — Q)| = c log|X — Q|.

tpj )

Thus it follows that the lower order terms of the multiple layer potential extend
continuously up to the boundary. If we write u(f;X) as u, (f;X) + u,(f;X) where
u,(X) denotes that part of u(X) involving the lower order terms, we have

(4.1.6) uz(f;X)_> J L P)gQ) + tZ(Pj)h(Q))KﬁPJ-a;Q>A2(a£j’agp}.)
a0
+ (tr,,10)C2(05, .95, IF (P — Q)ds(Q)
+ f & (P)R(Q) — tz(Pj)g(Q)){(ﬁP,,;Q>A3(agj,agpj)
a0

+ (i, 10) C3(08 .05} F (P — Q) ds(Q)
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as X — P € 9€2. We now analyze the principal part of the multiple layer potential
u,(f;X). We introduce the non-tangential maximal function

(4.1.7) wi(f;P) = sup{lu, (f;X)|: X € T, (P,)}.

We now show that ||[ufre0) =< C,| fl,.1- To do this we use local coordinates with
origin at P;. In these coordinates, let X = (x,r) € , P = (xo,$(x0)), and Q =
(z,d(2)) € 0. In these coordinates, we have

(4.1.8) uf(P) = ui(x,)
= sup{lu, (x,0)]| : £ > d(x) and  — d(xp) — &' (xo)(x — xo)
> V1 + &%) Vx = %) + (b)) — &)}

Suppose u;(x,1) = [40f(2)k(x,t,z)dz. Then the proof of Theorem 1.3 in [4] shows
that the mapping f — uf is bounded from L?(B(P;,;)) into L”(d€}) provided the
kernel k(x,t,z) = k(X,Q) satisfies the following conditions

4.1.9) i) kX,0|=C|x-0]|"

i) [k(x,t,2)| = c min <3|x — x|t - ¢(x0))

whenever |x, — z| = max(3|x — x|,t — d(xp))
iii) |k(x,t,2) — k(xo,t,2)| =< c|x — x,|”" whenever
[xo — z| = max(3|x — xo|,t — b(x))
iv) |k(xo,t,2) — k(x0,d(x0),2)| = c|x — xo|™" whenever

lxo — z| = max(3|x — xo|,t — d(x0))

v) the mapping f— sup
£>

J F(2) k(xy,d(x,),2)dz | is bounded
lz—xo|>€

on L?(R).
We now show that any kernel of the form
(x = 2)"(t — ()
e = 2" + (1 = &))"

satisfies the five properties of (4.1.9). Property i) is immediate since |x — z| =
IX — Q| and |t — &(z)] = |X — Q] while |x — z]> + (t — (2))> = |X — QJ*. To
prove property iii), we write

(4.1.10) k(x,t,z) = ( y=a+B+1
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4.1.11)  k(x,t,2) — k(xo,t,2)

_ (= 2" = (o — ") — ()P
(x =z + (t = ())*)"

+ (% — 2% = 62)°

1 1
{(|x — 2P+ (= d@P) (xo— 2+ (1 - d>(2))2)”}
=1+1I

Standard estimates show

4.1.12) 1| = k. )
(x =z + ¢ = ¢ |x — xo

To estimate /I we note that |z — xo| = 3|x — x| implies

clx — x|
|Z _x0l27+1

(x =z + (1 = d@)*) ™Y = (% — z[ + (¢ = d2)) V| =
and |t — &(2)| =t = dxy) + (2/6)|z — xo| = c|z — xo|. We have

|z = x0|*"®|x — xo| ¢

4.1.13 1| = = .
(@119 e R L Py

This establishes property iii). To prove property iv) we write
(4.1.14)  k(xo,t,2) — k(x0,d(x0),2)
(0 = 2)°((t = $@)° = ((x) = d(2)*)

= —_— — B
('xo _ Z|2 + (t — &(2)?) + (x0 = 2)*(dlxo) — d(2))

1 1
{(Ixo 2P+ = @))  (xo — 2P + (dxo) — <1>(Z))2)”}
=1+1.

Routine estimates show

clz = xo|*P 7 x = xo) '
4.1.15 Il =
( ) 1] P "
and
cl
(4.1.16) |11 = e S
lxo — 2| |xo — x|

This proves property iv). Property v) follows immediately from Calderén’s theo-
rem.
We now write the principal part of the multiple layer potential as
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(4.1.17) ul(X)=f f(Q)Al(G%,G?Pj)F(X—Q;ripj)(ﬁpj,fg>dS(Q)
Q0

+ f FQ)C1(82,08 ) F(X — Qsiip Xir,. 1g)ds(Q).
<19}

We consider integrals of the form

#® \° .
(4.1.18) J f(Q)( > F(X — Q;1ip Xrip,, 15)ds(Q)
a0

dng dtp,

and

#® \° ..
f f(Q)( ) FX — Q3 is i, 10)dS(Q)
a0

onp otp,
where w + v = 3. From Cauchy’s formula we have
(X - Q’ﬁP,»>U<X - Q’t‘Pjyr
> o ; :
o+7=3 IX - Q'

In terms of local coordinates with origin at P;, we have

X = Qi)' X = Q1) (x =2t = $(2))°
X -0l (x =2 + (t = b(2))*)

which is of the form in (4.1.10). It now follows that the non-tangential maximal
function of the principal part of the multiple layer potential is bounded on L”(9(}).

To establish the existence of the non-tangential limits almost everywhere, we
must first show that these limits exist everywhere when f € C'(9Q). Fix P € Q).
Since u((1,0,0);X) = 2 for X € 9}, we can write

3

Q
(4.1.19) ( ) FX-Q)=

onp oty

(4.1.20)

4.121) 2f(P) = f FPYALB2 92V F (X — Q)iip, 7o) ds(Q)
a0

+ f FPYC1(82,02 ) F (X = Q)ip,.ig)ds(Q).
N

We then have

(4.1.22) w(f:X) = f (f(Q) = FPNA(L,92) F (X — Q)iip, i) ds(Q)

a0

- f (f(Q) = f(P))C1(82 .62 )F (X = Q)i i) ds(Q)
a0

+ 2£(P).
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Since f € C'(8Q)), as X — P we have

4.1.23) w(f;X)— f (f(Q) — F(PNAI02 .62 ) F (P = Q)iip, i) ds(Q)
o0

+ f (f(Q) = F(P)C1(32,3%, ) F (P — Q)ip,, 1p)ds(Q)
a0

+ 2£(P).

From (3.2.7) it follows that this limit is

(4.1.24) fP)+ f FQA(32 9% F (P — Q)ip, 1) ds(Q)
o

+ f Q@) Ci(32 .92, )F (P = Q)1 T0)ds(Q).
N

This combined with the L” boundedness of the maximal operator ui( £,°) shows
that the principal part of the multiple layer potential has non-tangential limits
given by (4.1.24) for almost every P € 9{). Combining (4.1.6) with this result
it follows that if f has support in B(P;,3;), then for almost every P € (1,
u(f,X)— f(P) + S(f,P;P;) as X — P non-tangentially where S(f,P;P;) is given
by (3.2.2). Finally, for f € B,(8Q), we write f = E;zl f; where {{s;} is a smooth

partition of unity subordinate to {B(P;,5,)}/-,, and f, is defined in Theorem (3.2.4).
One then has

n

41300 u(f;X) = D, u(f;X)—> O, G;(P)f(P) + D, S(f;,P;P))
j=1 j=1

j=1

= f(P) + Tf(P)

asX—> P, XEQ, (X — P,iip) > ay|X — P|. The result for X — P non-tangen-
tially, X € R*\{} is identical to the one just given except that the term 2f(P) is
absent from (4.1.22) since u((f(P),0,0);X) = 0 for X € R*\(). This completes
the proof of the theorem.

4.2, Derivatives of the multiple layer potential near the boundary. In this
section we prove the existence of non-tangential limits almost everywhere on 9()
of the derivatives of u(f;X) where fe %B,(3€2). Our main result of this section
is the following

Theorem (4.2.1). Letf = (f.8.h € B,(00)), 1 <p <, and let u(X) denote
the multiple layer potential of f at X & 08). Then for almost every P € 9}

4.2.2) d,uX)— t,(P)g(P) + t,(P)h(P) + 9,,Tf(P)
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and
3 u(X) = —1,(P)g(P) + 1,(PYh(P) + 8, Tf (P)
asX—> P, X € Q, (X — P,iip) > ay|X — P|. Also
4.2.3) 8,u(X) = —(t;(P)g(P) + 1,(PYh(P)) + 8,TF(P)
and
8,,u(X) > —(=1(P)g(P) + 1,(P)h(P)) + 8,,Tf(P)

as X > P, X & O, (X — P,iip) < —ay|X — P|. The operators 9,,T and 9,,T are
those in (3.3.33).

Proof. We first prove an appropriate maximal inequality for the gradient of
the multiple layer potential. For P € (), we define
(4.2.4) Vu*(P) = sup{|Vu(X)|: X € [, (P,d)}.

Again we write u(X) = u;(X) + u,(X) where u,(X) is the principal part of the
multiple layer potential, and we work with u¥ and u¥ separately. We first consider
u}(P). We assume f has support in B(P;,d;) and work in local coordinates with
origin at P; and the representation

(4.2.5) “z(X)=f

9

@P)g@ + 1P h(Q@)(ir, 1) A2(92,,35,)
 (tr,210) Co(97, , 05 M (X — Q) ds(Q)

+ f O ®h©) - 12(P)) §(@) (i, 10) A3 (82 ,92,)

+ (15, 10) C3(82 02 )} F (X — Q)ds(Q).

We represent Vu,(X) as (9, uy(X),0,, 4,(X)) and work with each component sep-

J J

arately. It follows that each component of Vu,(X) is a finite sum of terms of the
form

»® \° .
(4.2.6) f f(Q)< ) F(X — Qs np )rip,,1o)ds(Q)
a0

ang, dth,

or

3 \° ..
f f(Q)( ) FX — Q3 i ir, 1) ds(Q).
)

ang,dth,

These are exactly the types of integrals considered in (4.1.18). From the proof
of Theorem (4.1.1) it follows that each of the operators

(4.2.7) 8, uf(P) = sup{|,, u,(X)| : X € I, (P.D)}
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and
Oy uF(P) = sup{|8,,,,ju2(X)| :X € T, (P,d)}

is bounded from L”(B(P;,3)) into L7(8(2). Consequently, the same is true for the
operator u¥. We now consider the operator u¥. We still assume f has support in
B(P;,%;) and work in local coordinates with origin at P;. By (2.5.8) we may write

(2.4.8) ui(X) =f f(@)0,,AF (X — Q)ds(Q)

o0
+2 f [(©)8,,(85,,62 )F (X — Q)ds(Q)
N

= u;, (X) + 2up(X).

Now u,,(X) is the classical double layer potential of f at X. If we define Vu¥}, (P)
= sup|Vu,; (x)| where the sup is taken over X € I’ «(P,0) it follows from Theorem
1.7 of [4] that the operator f — Vu¥, is bounded from L7 (B(P;,d;)) into L?(3(}).
Thus we need only establish similar boundedness for the operator Vu},(P) =
sup|Vu,,(X)| where the sup is taken over X € I', (P,d). Replacing F(X — Q) by
F(X — Q;1ip) and noting (3.2.9) we have

(x — 2)(t — &(2)) } o’

d
4.2.9) up(X) = up(x,r) = Lf(z) 97 {(x — 2" + (t — d(2))*

= f F@)k(x,t,2)dz.
R
Since [gk(x,t,z)dz = 0, we can write
(4.2.10) up(x,n = J; (f(2) — f(xo)) k(x,t,2)dz.
Then

V() = Vo up(x,t) = J’f(z)vx,tk(x’t’z)dz
R
and we need only estimate the maximal function

(4.2.11) Vut(xo) = sup

f (f(@) = f(x0)) Vo k(x,1,2) dz
R

where the sup is taken over the set
{C,):t> (), and 1 — dx) — d'(x)(x — Xo)
> o V1 + ¢/ () Vix = x) + (@0) = d(x0))}.
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A proof very similar to that in Theorem (4.1.1) shows that the operator f — Vut,
is bounded from L{(B(P;,9;)) into L”(3{2) provided V, k(x,t,z) satisfies the fol-
lowing properties:

(4.2.12) i) |V, k(x,t,2)| = |V, kX,Q) = c]X — Q]
i) [V, k(x,t,2)] = ¢ min(G3lx = %)%, = d(x0)) ™)
whenever |x, — z| = max(3|x — x;|,t — d(x))
iil) |V, k(x,t,2) — V, k(x0,d(x0),2)| < cfx — x|

whenever |x, — z| = max(3|x — x,|,t — d(xp))

iv) f— sup is bounded

e—>0

f (f(@) = fxo)) Vs k(x,d(x0),2) dz
|xo—z|>¢

from LY (R) into L”(R).

A straightforward calculation shows that V, k(x,t,z) consists of a finite sum of
terms of the form

— (s — B A (\Y
(4.2.13) cons {(x 2)°(t — $(2)) ¢(z)}

((x = 2" + (1 = $@)*)’

where ¢, g, is a constant and o + B = 4. These terms are very similar to those
encountered in Theorem (4.1.1) except for a different relation between the ex-
ponents. A completely similar argument shows that properties i) through iii) hold
for these kernels. Property iv) follows, of course, from Calderén’s theorem. It
now follows that Vu$, is bounded from L} (B(P;,3;)) into L”(9(2). Consequently,

the same is true for Vut. For an arbitrary fe B, (0€)) we write f= 2:: . fj where

fj is defined in Theorem (3.2.40) for a smooth partition of unity subordinate to
B(P;,3;). Applying the preceding results to each f; and summing we find that Vu*
is bounded from %,(0Q)) into L”(3(2). ‘ '

We now show that for every P € 4(}, 9,,u(f;X) and d,,u(f;X) have limits as
X—>P,X€eET,P,S) when f is the restriction to 9 of a function and its x and
y derivatives where f is C” in a neighborhood of (). We define

(4.2.14) VY(X)=VfP)- X —P).
Then ¥(X) is a polynomial of degree 1 and so by (2.5.7) we have for X € ()

(4.2.15) 2¥(x) = f V(Q)RP) K(02,02) F (X — Q)ds(Q).
20
Differentiating (4.2.15) in the direction #, we obtain

(4.2.16) 23,f(P) = — f V(Q)R(P) K (02,02) 02F (X — Q)ds(Q).

[i19)
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Now if f(P) = (f(P),0,0), we have
(4.2.17) 9,u(X)

Il

—[ (F(@) = FPHR(P)'K(82,0%) 02 F(X — Q)ds(Q)
aQ

—f (F(Q) = fP) ~ W(Q)RP) K(2,3%)92F (X — Q)ds(Q)
a0

+ 20, f(P).

Since the first component of fO) - f (P) — \P(Q) is O(|P — Q|2) while the sec-
ond and third components are O(|P — Q|), we may let X — P in (4.2.17) and
obtain

(4.2.18) lim 9,u(X)

X—P

= — f (f(@Q) — FP) — (@) RP)K(62,02)92F(P — Q)ds(Q)
kY]

+ 20, f(P).
By Theorem 11.1 of [1] (in particular 11.11, page 225) we have

4.2.19) - f V(Q)R(PY'K (82,02)2F (P — Q)ds(Q) = 9, V(P).
E19)
Combining (4.2.18) and (4.2.19) we obtain

(4.2.20) lim d,u(X) = —f (f(Q) — FPYR(PYK(3,07,) 95 F(P — Q)ds(Q)
X—P

;190

+ 9, f(P)
=9,f(P)+ 3,Tf(P)

where 9,,T is the operator defined in Theorem (3.3.33). By a completely similar
argument one shows that

4.2.21) lim 9,,u(X) = 9,,f(P) + 8, Tf (P).
X—P

Observing that 8, f(P) = t,(P)f.(P) + t(P)f,(P) and 9,,f(P) = —6,(P)f.(P) +
t(P)f,(P), the theorem now follows from (4.2.20) and (4.2.21) combined with
our estimate for the non-tangential maximal function. This completes the proof
of the theorem.

We conclude this section with a_few remarks. First, the above proof shows that
as X — P non-tangentially, X &€ (1, one has

3, u(X) = —(1,(P)g(P) + 1(P)h(P)) + 8, Tf (P)
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and
(X)) = —(—1,(P)g(P) + t,(PYh(P)) + 8, Tf(P).
Second, from the above theorem we can also compute lim u(f;X) =
X—P

lim (u(X),0,u(X),0,u(X)) as X — P non-tangentially, X € (). One obtains
X—P

(4.2.22) duX)— g(P) + 1,(P)3, TF(P) — ,(P)d,, Tf(P)
and

duX)— h(P) + t,(P)d, TF(P) + t,(P)d,, Tf(P)

for almost every P € 9() as X — P non-tangentially, X € (). Finally we sum-
marize the results in the following

Theorem (4.2.23). Letfe B,00), 1 < p < =, and let u(f;X) denote the
multiple layer potential of f at X along with its x and y derivatives. Let ¥ f be
defined by

(4.2.24) %/ (P) = (Tf(P),8,Tf(P),d,, Tf (P)R(P).

Then for almost every P € 4}, ti(f;X.) —>f(P) + HfP)=U+ H)f(P)as X —
P non-tangentially, X € Q. Also u(f;X)— (=1 + %) f(P) as X — P non-tan-
gentially, X & ().

5. Invertibility

In Chapter 2 we defined the multiple layer potential u( f;X). In Chapters 3 and
4 we showed the vector valued fur_lction u(X) = (u,u,,u,) has interior non-tan-
gential limits of the form (I + %) f where the boundary operator ¥ is compact
from %, to %,,.

Since A’u(X) = 0 for X & 9Q), we can solve the interior Dirichlet problem
if I + ¥ is invertible. The solution is given by the multiple layer potential
u( + )7 fX).

By the Fredholm theory it suffices to show / + 3 is one-to-one or equivalently
that its adjoint (I + )* is one-to-one. Agmon showed in [1] that for Holder
continuous boundary data defined on a boundary £} of class C B (B > 1/2) the
kernel of I + K is zero. For the L” data and C' boundary considered in this paper
Agmon’s argument does not apply and we work with the adjoint (I + ¥)*.

5.1. The dual space, the adjoint and the lower order potential. Recall
from Section (2.4) that the dual space &} is the quotient space
LU(3Q) x LI(8Q) X LI(6Q) /B>

where 3B, is the annihilator of %,. Recall from (2.4.2) that the symbol

(f,0) = J F(@)B(Q) + g(Q)(Q) + h(QW(Q)ds(Q)
0
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denotes the action of § € B*on f € %,. With this notation (I + K)* is the operator
on &% satisfying
(F+3)*8) = (U + %) 1.6)
for all f € B, and 6 € B
In the solution of Laplace’s equation for a C' domain the adjoint of the bound-
ary values of the double layer potential are obtained as the normal derivative of
the classical single layer potential. (See Theorem 1.10 of [4].) To find an anal-

ogous characterization of the adjoint of the boundary values of the multiple layer
potential and its gradient recall (2.5.3). The integral representation is

uX) =j F(Qk(X,Q)ds(Q)
[i19)

where k(X,0) = K(82,02)D(8Y,85)F (X — Q) and X & Q.

If the data f is Holder continuous and the boundary 9() is smoother than C’,
the operator ¥ can be obtained by replacing X by P € 9() in the kernel matrix
k. While it is clear from Chapters 3 and 4 that for the data and boundaries con-
sidered in this paper the representation of ¥, (4.2.24) is more complicated, it is
useful to proceed formally, assuming for the moment that

%ﬂm=ff@ma@m@y
;193
The adjoint K* acts on the dual space %% Continuing formally, for 6 € B*

(5.1.1) %*9(Q)=f k(P,0)0(P) ds(P)

)

=f K(82,89)"D(87,9))F(P — Q)8(P) ds(P)
aQ

= K(a)?,ayQ)Tj 8(PYF(P — Q) + &(P)9,F(P — Q)

a0
+ U(P)OLF (P — Q)ds(P).

These calculations, while only formal, suggest the following analogue of the sin-
gle layer potential.

Definition (5.1.2). The lower order potential v = v(§;X) with density h =
0,0,0) € L X L7 X L7 is defined:

v(®;X) = f 8(P)F(P — X) + &(P)OLF(P — X) + W(P)3, F(P — X)ds(P)
193

where F is the fundamental solution given in (2.3.1).

Theorem (5.1.3). The lower order potential v = v(;X) is well defined on
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the quotient space B} and is globally C '. Furthermore, if § € Ker(I + H*,
(f,8) = 0 for all polynomials f of degree less than or equal to one and v(8;X)
satisfies the estimates:

(5.1.4) v(X) = O(log|x|) as |X| -
a+tp

(5.1.5)

v
=0(X|™®) as|X|>
ax® ayP

forl =a+ B =3.

Proof. Since &} is a quotient space, we must show that different cosets define

the same lower order potential. This follows because D (9% ,a;’ )F(P — X) is a com-

patible triple in the variable P. Then if 6 € %,
v(®;X) = (D(L,85)F(P — X),0) = 0.

Next, it is clear that v(X) is C” for X & 0{). A routine calculation shows that
v, v, a}nd v, are continuous across the boundary 9(}.

If 8 € Ker( + ¥)* and f is a polynomial of degree at most one then
I+ %) f=2f So

- 1 . 1, .

Finally, for § € Ker(I + %)*, the lower order potential v(X) with density 0 is
defined by

(5.1.6) v(X) = f 8(P)F(P —X) + &(P)ILF(P ~ X) + $(P)3, F(P — X)ds(P)

[:19)
= J{G(P)(F(P —X) = F(=X) = 9y F(=X)x(P) — 8, F(=X)y(P))

+ GPYOFF(P — X) — F(—X))
+ Y(P)IYF(P — X) — Y F(=X))}ds(P)

where (x(P),y(P)) denotes the (x,y)-coordinates of the point P. A routine cal-
culation shows that for a + B = 3,

3 X
(5.1.7) ‘( 9 B) (F(P—X)— F(-X) — a*F(-X)x(P) — a;‘F(—X)y(P))’
ax*ay

=o0(X|™)

@\
}(axu ayﬁ) @XF(P—X) - ai‘F(—X))‘ = 0(X[™)

#? \
{( - ayﬁ> @F(P = X) ~ a;‘F(—X))’ = 0(X[?)

D
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as |X| — o. If each third order operator in (5.1.7) is replaced by a second order
operator the terms are O(|X|™?) as |X| — . Similar estimates for the first deriv-
atives and the functions F, F,, and F, imply the estimates in (5.1.4) and (5.1.5).

5.2. Invertibility of (I + ¥)*. In this section we prove that I + ¥ is in-
vertible. The main result is:

Theorem (5.2.1). If 6 € B*and (I + #)*6 = O then 6 € B,

We point out that by the Fredholm theory, Theorem (5.2.1) implies that I +
¥ is invertible. The proof of the theorem is given in several lemmas.

Lemma (5.2.2). Assume 0 € Ker(I + #)*. Let v = v(0;X) be the lower order
potential with density 0. Then

(5.2.3) ff Re M(v)M (v)dxdt = (—(I + ¥)v,8) =0
Qc

where Q) denotes the complement of ).

Proof. The proof consists primarily of applying the Green’s formula (2.2.2)
to the integral in (5.2.3). Since the region {)° is unbounded and the lower order
potential v may have singularities at the boundary, the integration by parts requires
the employment of a partition of unity.

Let {B(P;,9,)}}—, be a covering of 9 and {¢;}}_, a system of local coordinates
so that

B(P;,43;)) N Q° = B(P;,43)) N {(x,y):y > ¢;(x),¢, € Co(R),
$;(0) = $;(0) = 0 and [[; .. < mo}.
The constant m, is chosen small enough to guarantee the estimates obtained in

Chapters 3 and 4. Let D, = Q° N B(0,p) where p > 0 is chosen large enough so

that O C B(0,p/2). Let 8, denote the distance from 9Q) to R*\ | B(P;,%;). Then
j=1
there is an open set O such that

ou (U B(P;,Sj)) oD,

j=1
0D {X €D,:d(6Q,X) > 5,/2}
and
O0N{XED,:d6Q,X) < 5,/4} = &.

Let {\l:,-}}'lll be a smooth partition of unity subordinate to the cover B(P;,9,),
.oy B(P,,3,), 0. For j = 1, ..., n we define
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D; = Q° N B(P;;43))
¥; = 08) N B(P;;49;).
For 0 < t < §,/8 we define
D;, = B(P;43)) N {(x,y):y > ¢;(x) + t,x ER}
Y. = B(P;;43) N {(x,;(x) + 1);x € R}.
Finally we define

Dyt =Dyiyy, =0 N D,.

. _— o . . .
Since any derivative of E;; , V; is zero on Dy, a simple computation establishes
that on D,

n+1 n+1

(5.2.4) ReMMWM®) =, Rey;MW»M®) = Y, Re M) M(®).
i=1

j=1

Hence,

n+1 n+1
5.2.5 O f f Relb,M(v)M(v)dxdy——E f f Re M(Y;v) M(v) dxdy.
j=1

Since Re MWM®) = (v, — v,,)* + (2v,)* = 0 and §; = 0, the integrands
on the left-hand side of (5.2.5) are non-negative. Applying the monotone con-
vergence theorem as ¢t — 0

n+1

n+1
(5.2.6) hmZ f f Re U;M(v)M(v) dxdy = f f Re U;M(v) M(v) dxdy
D

r—>0

n+1
J'f Re {;M (v) M (v) dxdy

=J’j Re M(v)M(v) dxdy.
Dy

We now work on the right-hand side of (5.2.5). For a fixed j # n + 1 we
1ntegrate by parts via (2.2.6) in the coordinates tejs Mp,» determined by the unit
tangent tp L (P; )i + L(P; )j and the unit normal 7, np, = —h(P; Yi+t (P )] Since
we are 1ntegrat1ng over a regxon complementary to Q tP points clockwise around
() and 7ip, points into the region Q). Integrating by parts over D;, and using the
fact that A%v = 0 off of 9,
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5.2.7 f f Re M(xij)M(v)dxdt
D;,

= f U ((Q), W)y, (), (Uv),, (QNK (7,65, ) V(Q) ds(Q)

We define
D(@yy»8,,37ip) = D(6,(P) 02 = 1(P)) 0, ,1a(P) 02, + 11(P)0S)

where we recall that D(9,,9,) = (1,9,,9,).
Expanding v in the (¢ ,np,) coordinate system, (5.2.7) can be expressed as

(5.2.8) f W) (QRP)'K (32,07, )" f D (3, ,9m,1p,)
Vit o
F(P — Q)6(P) ds(P)ds(Q)

=f (lij)'(Q)?R(P,)TJ K (92,95, )D (8,0, 3 ip,)
Vit

aQ

F(P — Q)8(P) ds(P)ds(Q)
= J { J (%v)'(Q)k(P,Q;ﬁp,)ds(Q)}é(P)Tds(P)
o0 Vit

where k(P,Q; npl) = %(P) K@ a,,,, )TD(a,P ,a,,Pl;ﬁpj)F (P — Q). (Recall the def-
inition of the matrix R(P; ) given in Sectlon 2.5.) The second line follows from
passing the differential operator K inside the inner integral and the third line
comes from interchanging the order of integration. The last two steps are justified
by the fact that the distance from vy;, to 9} is positive for all ¢ > 0.

We next make the change of variables Q = @' + #rip, in (5.2.8). Because the
differential operators K" and D are invariant under parallel translation and the

support of v is contained in B(P;,3;) we can rewrite the inner integral in the last
line of (5.2.8) as

lp’

(.29 L,y P)= f (Wv) (Q' + tip)K(P — trip, Q' 1ip) ds(Q).
Vi

Remark (5.2.10). Because the support of {; is contained in B(P;,)),
L, (yv) (P) is the multiple layer potential of (\b,v)' evaluated at the point P —
trip,. The point P — trip, € €} for small ¢ since fip, points out of (). It follows from
the maximal estimates in Chapter 4 and the fact that the kernels (0% —

)F X — Q) and (aQ F(X — Q)) are bounded that for f € B, and support fcC
B(Pj,48j)

(5.2.11) 1L (Alps = Cl Al
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independent of 0 < ¢ = §,/8 and
(5.2.12) limZ,(f) = -+ H)f(P) ae.
t—0
and in the |||, norm. Z;,(f) is defined as in (5.2.9) with f replacing (y;;v)". The

minus sign in the right-hand side of (5.2.12) follows from the fact that the integral
is taken clockwise.

Remark (5.2.13). 1If we let g,(Q") = (bp)(Q' + tﬁ}.j) — (f;v)(Q’) then we see
that ¢, € %, support of g, C B(P;,4%;) N 4} and

(5.2.14) lgll,n—=0 ast—0
(5.2.15) W) (Q' + tnp) = §,(Q") + (Y;») (Q).

Using the notation of (5.2.9) and remarks (5.2.10) and (5.2.13) we can rewrite
the last line of (5.2.8) as

(5.2.16) f {L,/(8)(P) + L, (b») (PROP) ds(P) = (1;,(£,),0) + {I;,(v)",0).
0

Recalling that (5.2.8) comes from (5.2.7) and letting t — O we see from Remarks
(5.2.10) and (5.2.13)

lim f f Re M(L];jv)M(v) dxdt = lim (Ij,,(g,),('» + lim (I,y,(%v)',é}
D;, t—0 t—0

t—0

(5.2.17) =0+ (= + )W) ,6)
= —((Wyv),(d + #)*6)
=0

since 6 € Ker(I + ¥)*.

We finally must consider integration over D,,; = O N D,. Since the region is
bounded and there are no singularities to worry about on D,,;, we can apply
(2.2.2) directly and get

(5.2.18) J’f ReM(¢n+1V)M(v)d-Xdy=f W1v) (@)K (9,,9,) v(Q) ds(Q)
Dy |

Ql=p

o2

as p — ® by the estimates for v in (5.1.4).
If we let t — 0 in (5.2.5) and use (5.2.6), (5.2.17) and (5.2.18) we get, letting

p— ®©

(5.2.19) J’J‘ Re M(v)M(v)dxdy = 0
Qc
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which completes the proof of the lemma.

Corollary (5.2.20). ' If § € Ker(I + ?(f)* and v = v(0;X) is the lower order
potential with density 0, then Re M(v)M(v) = 0 in (°,

Proof. This follows from Lemma (5.2.2) and the fact that
Re MMM(©) = (v = v,,)* + 2v,)* = 0.
Lemma (5.2.21) (Agmon). Let u(x,y) be a solution of class C*"" in a do-
main D of the pair of equations:
M,(9,,9,)u(x,y) =0
M,(9,,9,)u(x,y) = 0

where M, (§,0) and M,(&,0) are relatively prime homogeneous polynomials of de-
gree min &, {. Then u is a polynomial of degree at most 2m — 2.

Proof. This is Lemma 13.1 of Agmon [1].

Lemma (5.2.22). Ifé € Ker(I + #)* and v = v(8;X) is the lower order
potential with density 0, then v is a constant on {)° and both the interior and
exterior normal derivatives are zero at the boundary 0£).

Proof. By Corollary (5.2.20) (v, — v,,)* + (2v,)* = 0 in Q°. This implies
that v, — v, = vy, = 0 in {°. Since M,(£,) = £ — m’ and M,(£,m) = £n are
relatively prime homogeneous polynomials of degree two, we can conclude from
Agmon’s lemma that v is a polynomial of degree at most two. By the estimates
in Theorem (5.1.3), v(X) = O(log|X|) as |X| — . Hence v is constant in {)°.
Since v is globally C' we can conclude from the continuity of the derivatives of

v that both its interior and exterior normal derivatives are zero at the boundary
().

Lemma (5.2.23). Iff € C*(Q) N C'(D), 6 € Ker( + ¥)* and v = v(6;X)
is the lower order potential with density 0, then

(5.2.24) 0= JJ' Re M(f)M)dxdy = (=1 + %) f,).
Q

Proof. The argument is similar to the proof of Lemma (5.2.2). We begin by
constructing a partition of unity.

We choose a covering of () by balls {B(P;,5,)}/-; and local coordinates
{d;);-1 where

B(P;,43,) N Q = B(P;,48) N {(x,):y > &;(x),d; € Co(R),
$,(0) = $/(0) = 0, [[d;[|.. < mo}.

Letting 3, be the distance from 9Q} to R*\ |J B(P;,3;) we can find an open set O

j=1
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such that
U (U Bj(Pj,Bj)> 00, 0D{XeEN:d00Q,X)>5,/2}
j=1

and
O0N{XeN:dENX)=<35,/4 =T

Let {§;}i- “*! be a smooth partition of unity subordinate to the cover B(P,,3,), ..

B(P,,3,), @ (Support ¥, C 0.) Forj = 1, ..., n we define:
D; = B(P;,43) N Q
v; = B(P;,43;) N QY.
For 0 < t < §,/8 we define
D;, = B(P;,45,) N {(x,y):y > &;(x) + 1,x ER}
Vi« = B(P;,4%)) N {(x,d;(x) + £),x € R}

Finally we define D,,, = D,,,, = O.
We begin by showing that

n+1

(5.2.25) lim z j f Re MY, f)M(v)dxdy = (=1 + %) f,0).

t—>0

683

A4

Proceeding as in the proof of Lemma (5.2.2) we integrate by parts in (2p,n5,)-

coordinates to get, forj =1, ..., n

(5.2.26) f f Re M(U; )M (v) dxdy
Dj,

=f {j W) (Q(P,Q; 7ip ) ds(Q)}0(P) ds(P)
) Vit

- f { f (lb;f)'(Q’+tr?p,.)k(P—tﬁp,.,Q’;ﬁp,.)ds(Q')}G(P)Tds(P).
a0 vj

The last line in (5.2.26) follows from the change of variables Q = Q' + tnp

We

note that unlike the proof of Lemma (5.2.2), tp points counterclockwise around
0 and 7ip, points into (). Since P € 93} and 1 > 0, this implies that P —

tnp e Q°. If we now define

,, (f)P) = J F@K(P — t7ip,Q; 7ip, ) ds(Q)
Yi

with f € %R, supported in B(P;,43;) N d() then we have the following analogs of

Remarks (5.2.10) and (5.2.13)
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(5.2.27) ML (M = el fllon
(5.2.28) lim I, (f)(P) = (= + %) f(P) a.e.
t—0

and in the |||, norm. (5.2.28) differs from (5.2.12) because in this case we are
dealing with the exterior limit of u rather than the interior limit and because the
integration is taken counterclockwise.

Setting g.(Q") = (W f)(Q" + #tip) — (U;f)Q"), letting ¢ — 0 and noting that
Y,.+1 is compactly supported in 0 we have

nt+1

(5.2.29) an f f Re MY, f)M(v) dxdy

t—>0
n+1

—MnEI {l,uom>+1,waP»Mwaun

l—)O

n+1

=S| =1+ %W PHE)dsP)
j=1JiQ

=((—=1 + %) f;6).

If we set f = v in (5.2.29), apply identity (5.2.4) and use monotone conver-
gence we have:

n+1
(5.2.30) ffReM(v)M(v)dxdy—hmef ll;jReM(v)M(v)dxdy

n+1

—hmE f f Re M({;v) M (v) dxdy
D;j,

t—>0

= (-1 + ¥)v,0)
=0.

The last step is valid because by Lemma (5.2.22) v = (¢,0,0) where c is a constant
and (=1 + #)(c,0,0) = (0,0,0).

We know that v is continuous in R? and constant in °. From (5.2.30) and
Agmon’s lemma we know that v is a polynomial of degree at most two in ().
Since v is constant on d{) we must have v constant in (). Substituting a constant
for v in (5.2.29) we have

0 =((=I + 91,0 = (f.(—1 + %)*0).
This concludes the proof of Lemma (5.2.23).
Proof of Theorem (5.2.1). If § € Ker(I + %)*, then by definition,
(5.2.31) (il + %)*) =
On the other hand we know from Lemma (5.2.23) that if f € C*(Q)), then
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0 =((—1+ %) £,0) = (f,(—1 + %)*6).

For an arbitrary f € %, we approximate f by smooth compatible triples and we
get

(5.2.32) (f,(—=I + #)*6) =0

for all fe %B,. Subtracting (5.2.31) from (5.2.30) we get 2(f,0) = 0 for any
fE B,. Thus 6 € B, . In other words (I + ¥)* is one-to-one.

Conclusior;. The Fredholm theory tells us that (/ + %)~ exists and so u =
u((I + ¥)7'f;X) is biharmonic and #(X) — f (P) non-tangentially a.e. as X — P.
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